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Christian’s Agenda:

DATE TITLE CONTENT
Monday March 17, 2025 Malaria model parameters |Parameterizing and simulating ODE models of malaria in R
Tuesday March 18, 2025 RO Basic reproduction number theory and examples
Wednesday March 19, 2025 RO Sensitivity analysis for infectious disease models: gradients, Sobol index
Thursday March 20, 2025 (T,$) |[Sensitivity analysis Sensitivity analysis for infectious disease models: gradients, Sobol index
Friday March 21, 2025 (*) Model fitting Fitting model output curves to data using optimisation algorithms

WEEKEND BREAK

Monday March 24, 2025 Statistical inference Concepts of statistical inference (frequentist, Bayesian, maximum likelihood)
Tuesday March 25, 2025 Statistical inference Bayesian updating, Monte Carlo integration

Wednesday March 26, 2025 Statistical inference Monte Carlo integration

Wednesday March 26, 2025 Resistance modeling bioinformatics meets disease modeling

(*) Quiz (T) Tutorial

($) Assignment
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Phenomenology — describing the invisible

Find the name of the pathogen! Acute infectious disease that begins with a

high fever, headache, and back pain and
then proceeds to an eruption on

the skin that leaves the face and limbs
covered with cratered marks.

Encyclopedia Britannica

220-450 nm

Native populations
in the Americas

Smallpox virus

Swiss TPH &




Phenomenology — describing the invisible

Find the name of the pathogen! Acute viral infection characterized primarily
by fever and respiratory symptoms.

Encyclopedia Britannica

Manu Dibango 50-140 nm

Severe Acute Respiratory Syndrome
Coronavirus 2
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Phenomenology — describing the invisible

Find the name of the pathogen! Transmissible disease of the immune

system caused by a virus that slowly attacks
and destroys the immune system, the body’s
defense against infection, leaving an
individual vulnerable to a variety of other
infections and certain malignancies that
eventually cause death.

Encyclopedia Britannica

Ervin Johnson

Human Immuno-deficiency Virus

Swiss TPH g ‘




Phenomenology — describing the invisible

Find the name of the pathogen!
P d Many of the early Greeks thought the

disease was contracted by drinking swamp
water; later, the Romans attributed it to
breathing vapours, arising from bodies of
stagnant water.

T Encyclopedia Britannica

10000-15000 nm

Alexnder the Great

Plasmodium falciparum sporozoites
(and Red Blood Cells)
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Modeling = a process where people from different worlds
meet on a common ground

biologist/epidemiologist/malaria program:
translate biological and population-level
observations into flow diagrams

mathematician:
translates flow diagrams into equations

[~ ]
software engineer/computer science: m

translates equations into computer code

Swiss TPH &




Putting people into boxes - compartments

Contagion process - simplified

day: 0
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Putting people into boxes - compartments

Contagion process - simplified

day: 1
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Putting people into boxes - compartments

Contagion process - simplified

day: 2
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Putting people into boxes - compartments

Contagion process - simplified

day: 3
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Putting people into boxes - compartments

Contagion process - simplified

day: 4
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Transferring people between boxes - transitions

Contagion process - simplified from sick to healthy
RECOVERY

depends only on sick
individual

Swiss TPH g




Transferring people between boxes - transitions

Contagion process - simplified from sick to healthy
RECOVERY

depends only on sick
individual
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Transferring people between boxes - transitions

Contagion process - simplified from sick to healthy
RECOVERY

depends only on sick
individual

e recovery o

=1
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Transferring people between boxes - transitions

Contagion process - simplified from healthy to sick
TRANSMISSION

depends on encounter
between sick and healthy
individual
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Transferring people between boxes - transitions

Contagion process - simplified from healthy to sick
TRANSMISSION

depends on encounter
between sick and healthy
individual
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Transferring people between boxes - transitions

Contagion process - simplified from healthy to sick
TRANSMISSION

depends on encounter
between sick and healthy
individual

P-7 =1t

“transmission kernel”
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Flow diagrams for disease transmission
transmission

f-1 =1t

susceptible

e recovery o

=1
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Flow diagrams for disease transmission

transmission

~—

susceptible ->
4=

recovery
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Flow diagrams for disease transmission

transmission

~—

susceptible -
4=

recovery

SIS model
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Flow diagrams for disease transmission: assumptions!

We need to be clear about the underlying assumptions:

Hypothesis A: Individuals become immediately also infectious upon infection
Hypothesis B: There are no births or deaths in the population, there is no migration.
Hypothesis C: Once an individual recovers, it will become immediately susceptible again.
Hypothesis D: All susceptible hosts are equally likely to meet an infected host.

I
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Flow diagrams for disease transmission: assumptions!

We need to be clear about the underlying assumptions:

Hypothesis A: Individuals become immediately also infectious upon infection
Hypothesis B: There are no births or deaths in the population, there is no migration.
Hypothesis C: Once an individual recovers, it will become immediately susceptible again.
Hypothesis D: All susceptible hosts are equally likely to meet an infected host.
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Flow diagrams for disease transmission: assumptions!

We need to be clear about the underlying assumptions:

Hypothesis A: Individuals become immediately also infectious upon infection

Hypothesis B: There are no births or deaths in the population, there is no migration.
Hypothesis C: Once an individual recovers, it will become immediately susceptible again.
Hypothesis D: All susceptible hosts are equally likely to meet an infected host.

COXCX
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Flow diagrams for disease transmission: assumptions!

We need to be clear about the underlying assumptions:

Hypothesis A: Individuals become immediately also infectious upon infection
Hypothesis B: There are no births or deaths in the population, there is no migration.
Hypothesis C: Once an individual recovers, it will become immediately susceptible again.
Hypothesis D: All susceptible hosts are equally likely to meet an infected host.

rate for new infection depends on relative proportion of infectious individuals

~—
- ]
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Flow diagrams as differential equations

recovery

inflow into susceptible outflow from infectious
SE+1)—58() =~v1I(t)] {E+1)—I()=—yI()
recovery o =

rate =expected number of events per time unit

Swiss TPH &

Whatis 7Y ?

recovery rate 7y




Flow diagrams as differential equations

recovery

inflow into susceptible outflow from infectious
SE+1)—58() =~v1I(t)] {E+1)—I()=—yI()
recovery —

4=

Whatis 7Y ?

rate =expected number of events per time unit

Swiss TPH &
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Flow diagrams as differential equations

£ ) transmission
] — L] ]
susceptible infectious
outflow from susceptible inflow into infectious
_ I(t) _ I(t)
S(t+1) = S(t) = —Bggam () It+1)—I(t)=p SO0 S(t)
H_/
probability of finding an infectious individual
in the population |i|

assumption: all individuals are well mixed
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Flow diagrams as differential equations

£ ) transmission
] _ L] ]

susceptible infectious

outflow from susceptible inflow into infectious
I I(t
S(t+1) - S(t) = Bl S®)| It +1) = I(t) = B5ppr S()
\(J
transmission rate

assumption: transmission is constant Im

In time and across infectious

individuals
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Flow diagrams as differential equations

£ ) transmission
" _ " "
susceptible infectious
outflow from susceptible inflow into infectious
I
S(t+1) - S(t) = Bl S®)| It +1) = I(t) = B5ppr S()

~
currently susceptible individuals

assumption: new infection happens W
independently and with same probability

to each susceptible individual
Swiss TPH &




Flow diagrams as differential equations

£ ) transmission
susceptible infectious
recovery
S(t+1) — S(t) [5S(t) ]Emf ]
" N\ B S| I
disease state “COUpIed SyStem”

— infected
— susceptible

SOV X P

Swiss TPH g Tims;Days)

Population
S
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Flow diagrams as differential equations
£ ) transmission

_ . .
susceptible | ___

recovery

[ [ﬂsw Ofa1e) 01
] I(t-l—AA) —I(t [ﬁ i JP VIt ] S(t)+I(t)=N
A — 0

SIS differential equation system

Swiss TPH & ‘




Flow diagrams as differential equations

susceptible

transmission kernel:

e depletion of susceptibles: as there are
fewer susceptible individuals in the
population, infections also stall

e non-linearity: new infections are
generally not proportional to current
infections

Swiss TPH &

£ ] transmission
l . .
Infectious
[—
recovery
100
75
S disease state
g 50 — infected
o
'Y — susceptible
25
0
0 1 2 3 4 5 6 7 8
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Solving differential equations with computers

e many nonlinear differential equations require advanced mathematical
methods to be solved explicitly (e.g. characteristic polynomial, monodromy
matrix, variation of parameters, special functions)

e certain qualitative properties of SIS differential equations can be obtained by
linearizing the system (e.g. basic reproduction number)

e we will use computers to calculate numerical solution curves that
approximate exact solution to SIS differential equations

Swiss TPH g




Solving differential equations with computers

Initial condition

- S(t+A)-S(t) I(t) —
A = P S) + 7 1(t) igg; = f(?
I(t+A)-I(t) ) __g(4) — ~ It
N A Bsmrrmm o) — 7 1) S(t)+I(t)=N;t>0
A —0

Swiss TPH &




Solving differential equations with computers

- S(t+A)-S(t) I(t) S(0) = 8§
= BsprmSt) +v 1) IEO% ~ I(?

I(t+A)—I(t) I(t)
. 2 = P S — v 1) S(t) +I(t) =N; t >0

Constant population size

A—0

Swiss TPH &




Solving differential equations with computers

- S(t+A)-S(t) I(t) —
A = 5w S T 1) igg; = f(?
I(t+A)-I(t) ) __g(4) — ~ It
N A Bsmyrrm S(t) — v 1) S(t) +1I(t)=N;t>0
Step size
A —0

Swiss TPH &




Solving differential equations with computers

- S(t+A)-S(t) ,3 I(t) S(t) LT S(O) _ g
= v I(t) 0

< ( A) (t) S((t))H(t) 1(0) = Io

I(t+A)—I(t I(t

- e S — v S(t)+I(t) = N; t > 0

Rewrite the equation system: recurrence

g I

S(t+ A) = S(t) + A ( B 71@)) 0<A<1

I+ A) = I(t) + A (B — ()

Swiss TPH g




Solving differential equations with computers

Recurrence:
: S(0) = So
’ S(t+A)=5(¢) + ( ﬂs(t)+I(t) | 7I(t)) I1(0) = Iy
B I(t)
It+A)=1I()+A (5 SE)+1(¢) 7I(t)) S(t)+I(t)=N;t>0
100 \A
75 o\\} depletion of susceptibles + recovery O < A < ]_

o

Swiss TPH & t t+ A

Population
S

N
o

o




Solving differential equations with computers

Recurrence:
i S(0) = S,
[ 8(:+8) =50 + A (Bt +100) 10) = I,
_ I(t)
It +8) = 1) + A (Bagig — () S(t)+ I(t) = N; t > 0
™ 0<AK1
5 AN

N
o

./ } transmission - recovery

B4
Swiss TPH & t t+ A
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Solving differential equations with computers

Recurrence:

J

CI(t+A) = I(¢ +A(BS

o
S(t+a) =18+ A ( ﬂS(t)+I(t) - I(t)

(%) 7I(t))

J

t

t+ A

t+ 2A
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Solving differential equations with computers

Recurrence:

J

CI(t+A) = I(¢ +A(BS

o
S(t+a) =18+ A ( ﬂS(t)+I(t) - I(t)

(%) 7I(t))

J

t

t+ A

t+ 2A

Swiss TPH &




AIDM=01.R
Solving differential equations with computers ﬁ

[Simulation setup J

/O<A<<1 )
S(0) =Sy
1(0) = I

\S(t) + I(t) = N; t > 0/

(S(t+A) = S(t) + A (~Bap + ()
I(t+ A)

Swiss TPH &
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AIDM=Q1.R
Solving differential equations with computers R

Simulation setup

Delta=0.01
timeHorizon=100
0 < A X 1 timesteps<-seg (0, timeHorizon,Delta)
5(0) = So
I(O) — IO S=I=rep (0, length (timesteps))
N=500
S(t)‘|‘[(t):N,tZO T10=1

S[1]=N-1I0

Swiss TPH &




ALDM=01.R

Solving differential equations with computers R
Simulation setup

IETSENT (0. A 2A,....100}
timeHorizon=100

%(E)A_<§ 1 timesteps<-seqg(0,timeHorizon,Delta)

— M0

I(O) — IO S=I=rep (0, length (timesteps))
N=500

Sit)+1I(t)=N;t>0 10=1

S[1]=N-1I0

Swiss TPH &




AIDM=Q1.R
Solving differential equations with computers

infectivity parameter | recovery parameter

St+A)=S®)+A( 55 S(t) ()

I(t+ ) = 1(t) + A By s<t> +9(t))
Swiss TPH &




ALDM=01.R

Solving differential equations with computers R
0<AK1

5(0) = S beta=0.3

I(O) — Io gamma=0.1

S(t)+I(t)=N;t>0

infectivity parameter = recovery parameter
I
5@+Ay;ﬂw+A(ﬁﬂ£%¢my~ﬂ@)

It + A) = I(t) + A (B S®) +1(1))
Swiss TPH &




Solving differential equations with computers

I<AK1
S(0) =Sy
1(0) = I
S(t)+I(t)=N;t>0
{Update next time step ]
g(t + A)=85(t) + A ( IBS(tI).(j}(t) S(t) — ’yI(t)j

I(t+A) = I(t) + A (/3 s S(t) + 71(15))
g J
Swiss TPH b)’




AIDM=Q1.R
Solving differential equations with computers R

loop over time steps index set

for (1 in c(l: (length(timesteps)-1))) {

+ Delta* (-beta*I[1]/N*S[i] + gamma*I[i])

+ Delta* (beta*I[1]/N*S[1] - gamma*I[i])

S(t+A) = 5(t) + A (B S St) —I(®)

)
I(t+A) = I(t) + A (/3 O S(t) + 'yI(t))
Swiss TPH‘&




ALDM=01.R

Solving differential equations with computers R

plot (timesteps, S, col="blue", type="1",
xlab="time steps (days)",vylab="number of hosts",
mailn="SIS simulation",ylim = c (0, N))

lines (timesteps, I, col="red")
legend ( x="topright",
legend=c ("susceptible™", "infected"),

col=c ("blue", "red"), lwd=1)



number of hosts

Solving differential equations with computers

SIS simulation

— susceptible

500
|

— infected
o
o p—
S
o
o p—
o
o
o p—
N
o
8 p—
o p—
[ | [ [ [ [
0 20 40 60 80 100

time (days)

A LDM E 1.R



number of hosts

Solving differential equations with computers

SIS simulation

o

& — tibl
D — infected
o

o (-

=

o

o p—

™

e endemic equilibrium
8 —

o

8 -

o p—

0 20 40 60 80 100

time (days)

AIDMEI.R




number of hosts

Solving differential equations with computers

SIS simulation

equilibrium = no change
between time points !

§ 7 —— susceptible O L S*(t+A)—S*(t)
infected p— A
g I*(t) o« N
‘* B8 (8) + 41" (1)
§ | T x S*(t) |
" endemic equilibrium =1 (t) ( ’B N ’7)
< S*(t
g & -0 1\(r) Fy =0
o & §*(00) = g N

0 20 40 60 80 100

time (days)




number of hosts

Solving differential equations with computers

SIS simulation

§ o —— susceptible

— infected

disease prevalence
8 - endemic equilibrium
|
S * _ * _ |2
I*(o00) =[N — §*(00) = 5500

* 7 1

s 5*(o0) = 3N = 3500

time (days)




AlDM=(1.R

Solving differential equations with computers

SIS simulation

o
o _ ti
5 — e
o
o (-
=,
&
5
s A — 2
QO o
§ &7
C
o
8 -
this is just a numerical approximation!
o | |
| I [ [ [ I
0 20 40 60 80 100
time (days)
Swiss TPH
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1 - Malaria model parameters




Malaria transmission between host and vector & Rims

recovery

susceptible ' infectious S/S
humans — humans
\ transmission from
mosquitoes to humans

Swiss TPH &




Malaria transmission between host and vector

death -
| susceptlble
mosquitoes

birth
\}birth " death l

infectious
mosquitoes

transmission from
humans to mosquitoes
R
C—

Swiss TPH &
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Malaria transmission between host and vector

recovery

susceptible | | infectious SIS

humans — humans

transmission from / transmission from
humans to mosquitoes / mosquitoes to humans

| susceptible infectious S/
mosqmtoes mosqmtoes
b|rth death

Swiss TPH & ‘




Malaria transmission between host and vector

recoveryfy

[—

susceptible infectious
humans S | == || humans |

transm|SS|on from / transmission from
humans to mosquitoes mosquitoes to humans

death 5

Swiss TPH &




Where can we get parameter values from??

1 time span from ovipositing to recoveryfy

— emergence of adult female mosquito SUSCeptible — infeCtiOUS
from pupa stage, given ovipositing
humans S humans |

% life span of adult female mosquito

transmission from / o
humans to mosquitoes

7 duration of infection in human death SUSCeptible infeCtiOUS
5 W@mosquitoes U mosquitoes V
(¢ host seeking/biting X probability per bite
for infectious mosquito to transmit to \ j birth U
human: “entomological inoculation” 10 birth l 5

/B host seeking/biting X acquisition
rate from infectious human with
gametocytemia to mosquito

Swiss TPH & ‘




Malaria transmission between host and vector

infectious
humans |

transmission from
humans to mosquitoes

death 5

Swiss TPH &




Malaria transmission between host and vector
G (t) = =B U(t) + pM — §U t)

4V () = pELU(t) — 6V () infectious
humans |

transmission from
humans to mosquitoes

death 5

Swiss TPH &




Malaria transmission between host and vector
I
W)= -pZu(t) +

4V () = pELU(t) — 6V ()

at equilibrium g = ¢

[M - U(O) + V(()) constant mosquito population

transmission from
humans to mosquitoes



Malaria transmission between host and vector
% ()= ALV + M - U (1)

4V (4) = s U (¢ infectious
humans |

dt
[H = S(0) + I(0) constant human populations size

It ..o .
—g infectious human density

transmission from
humans to mosquitoes

death 5

Swiss TPH &




Malaria transmission between host and vector

recoveryfy

[—

susceptible infectious

humans S === humans |

\ transmission from X

mosquitoes to humans

infectious
mosquitoes V

Swiss TPH &




Malaria transmission between host and vector

recovery’Y

(C—

susceptible infectious

humans S === humans |

transmission from X
mosquitoes to humans

92 (t) = infecti
dt Infectious

Swiss TPH &




Malaria transmission between host and vector

recoveryfy

[—

susceptible infectious
humans S | == || humans |

transmission from X
mosquitoes to humans

das (t) : :
dt Infectious

PP
Swiss TPH& { unintuitive!




Malaria transmission between host and vector

recovery’Y

(C—

[a V() :?} susceptible infectious
humans S | == humans|

e (¢ host seeking+biting \ transmission from Q¢

mosquitoes to humans

o (U + V') number of bites

infectious
o 2UHV) number of bites per human :
VH mosquitoes V

* v infectious mosquito density

V_,U+V _ ¥V
TV THE T °%F




ALDM=01l.R
Malaria transmission between host and vector R

###SIS-SI host-vector model

Delta=0.01 #step size

timeHorizon=200 #maximum number of days/weeks/months to simulate
timesteps<-seqg (0, timeHorizon,Delta)#time points to simulate

S=I=U=V=rep (0, length (timesteps)) : setup & initial )

H=1000 "
K=5 #VectorHumanRatio conditions
M=H*K

T0=1

WVAOESS




ALDM=01l.R
Malaria transmission between host and vector R

###SIS-SI host-vector model

Delta=0.01 #step size
timeHorizon=200 #maximum number of days/weeks/months to simulate

timesteps<-seqg (0, timeHorizon,Delta)#time points to simulate

BB \We have 5 times as many mosquitoes as human hosts!
H UV U U

K=5 #VectorHumanRatio
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Malaria transmission between host and vector




AIDM=Q1.R
Malaria transmission between host and vector R




AIDM=01.R
Malaria transmission between host and vector R

cbind(timesteps,S,I,U0,V)%$>%
as.data.frame%>%
pivot longer (cols = -timesteps) $>%
ggplot () +

geom line (aes (x=timesteps, y=value,color=name), linewidth=2) +

scale color manual (values=c ("red", "blue", "darkblue", "darkred") ,name="state") +
scale y continuous (name="population") |

scale x continuous (name="time (days)")+
theme bw () 250001

state
S 150001 -
z -
§1DDDD- - U

-/

5000 1

‘ﬁ [Il 5 1[1 1['1 0 1:: 0 ;leln 0
Swiss TPH time (days)




ALDM=01.R

Malaria transmission between host and vector

For more complex models, use the deSolve R package!

###Use R package deSolve for ODEs
library ("deSolve")
RossMcDonald.model<-function (time, state,parms) {
with(as.list (c(state,parms)), {

alpha=parms[1l]; gamma=parms[2]; beta=parms[3]; mu=parms|[4]; delta=parms[5]
S=state[l]; I=state[2]; U=state[3]; V=statel[4d];
H=5000; K=5; M=H*K

dS= - alpha*V*S/H + gamma*I
dI= alpha*V*S/H - gamma*I

dU= -beta*U*I/H + mu*M-delta*U
dV= beta*U*I/H-delta*V

return(list (c (dS,dI,dUu,dVv)))

})
}
K<-5
x0 <= ¢ (S=H-I0,I=I0,U=H*K-V0,V=V0)##initial condition
timesteps<-seq(0,200,1) ##time unit in days
parms <- c(alpha=0.05, gamma=1/20, beta=0.08, mu=1/10,delta=1/10) #parameters
output<-ode (x0, timesteps, RossMcDonald.model, parms)



AIDM=01.R
Malaria transmission between host and vector R

outputs>%
as.data.frames>%
pivot longer (cols = -timesteps) $>

ggplot () +

geom line (aes (x=timesteps,y=value,color=name), linewidth=2)+

scale color manual (values=c ("red", "blue", "darkblue", "darkred") ,name="disease
state") +

scale y continuous (name="population') + |EESEEE

theme bw ()

state
S 150001 S
©

;i - g
8_ 10000 1 - |

-

5000 1

) ‘g 0 50 100 150 200
Swiss TPH - time (days)




Malaria transmission model with vector control

recoveryfy

[—

susceptible infectious
humans S | == || humans |

transm|SS|on from / transmission from
humans to mosquitoes mosquitoes to humans

death 5
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Malaria transmission model with vector control

recoveryfy

[—

susceptible infectious
humans S | == || humans |

transm|SS|on from / transmission from
humans to mosquitoes / mosquitoes to humans

===1 infectious
mosquitoes V
G—

Vector control }

[Vector control

Swiss TPH &

death 5




AIDM=Q1.R

Practical R

SIS-SI host-vector model with vector control

We want to run and compare two simulations in R:

e simulation 1 as in the slides

e simulation 2 starts from simulation 1, but adds vector control as an 20% increase in

the default mosquito mortality rate 6 = 1—10 , all other parameters are kept the same

® compare the endemic equilibrium of infected hosts between simulation 1 & 2

Swiss TPH &




AIDM=(Q1.R

Practical R

SIS-SI host-vector model with vector control

We want to run and compare two simulations in R:

e simulation 1 as in the slides

e simulation 2 starts from simulation 1, but adds vector control as an 20% increase in

1

the default mosquito mortality rate 6 = 1g - all other parameters are kept the same

® compare the endemic equilibrium of infected hosts between simulation 1 & 2

000000

2{FEFENEEE T
il | R
1(200)=3120 = 10 X L.

ﬁ : (200)=2430

100
time (days)

172
—
1111ls
=
o
L
—
—
o

population
population

[
11115

100 150 200
time (days)




AIDM=Q1.R

Practical R

SIS-SI host-vector model with vector control

We want to run and compare two simulations in R:

e simulation 1 as in the slides

e simulations 2&3 start from simulation 1, but add vector control as 3 times and 5
times the default mosquito mortality rate § = 1—10 ©w=20

® compare the solution curves for infections in humans! discuss!

Swiss TPH &




AIDM=Q1.R

Practical

SIS-SI host-vector model with vector control

We want to run and compare two simulations in R:

e simulation 1 as in the slides
e simulations 2&3 start from simulation 1, but add vector control as 3 times and 5

times the default mosquito mortality rate = 1—10 =20

® compare the solution curves for infections in humans! discuss!

29

15

0 5

0 5000 10000 15000 20000 0 5000 10000 15000 20000

. N
Swiss TPH = Index
Index



A LDM O\l .

Practical

SIS-SI host-vector model with vector control

We want to run and compare two simulations in R:

e simulation 1 as in the slides

e simulations 2&3 start from simulation 1, but add vector control as 3 times and 5
times the default mosquito mortality rate § = 1—10 ©w=20

® compare the solution curves for infections in humans! discuss!

Zzoz\/%gKa

1.2

0.8

0.4

N
] 0 5000 10000 15000 20000 0 5000 10000 15000 20000
Swiss TPH >

Index

Inday ] s



AIDM=Q1.

Practical R

SIS-SI host-vector model with vector control

We want to run and compare two simulations in R:

e simulation 1 as in the slides
e simulations 2&3 start from simulation 1, but add vector control as 3 times and 5

times the default mosquito mortality rate = 1—10 =20

® compare the solution curves for infections in humans! discuss!

RO:\/%§K>1 Roz\/%§K<1
|

S transmission
to humans
VS.

- recovery of
Swiss TPH \\/ humans
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AIDM=Q1.

Practical R

SIS-SI host-vector model with vector control

We want to run and compare two simulations in R:

e simulation 1 as in the slides
e simulations 2&3 start from simulation 1, but add vector control as 3 times and 5
times the default mosquito mortality rate ¢ = 1—10 =209

® compare the solution curves for infections in humans! discuss!

Ro= /95K >1  Ry=/24K<1

20
J

transmission

04 08 12 16

= to vectors
- L VS, el
- 0 bl rth/death Of 20000 0 5000 10000 15000 20000

Index
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AIDM=Q1.

Practical R

SIS-SI host-vector model with vector control

We want to run and compare two simulations in R:

e simulation 1 as in the slides
e simulations 2&3 start from simulation 1, but add vector control as 3 times and 5
times the default mosquito mortality rate ¢ = 1—10 =209

® compare the solution curves for infections in humans! discuss!

RO:\/%§K>1 Roz\/%§K<1

¢ ratio vectors
vS. humans

gr—

T T T | T
0 5000 10000 15000 20000 0 5000 10000 15000 20000

20
N Y N N Y B

04 08 12 16

0 & 10

-~
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Practical

SIS-SI host-vector model with vector control

Mosquito Theorem:
vector control is a sufficient condition for
malaria elimination in humans

AIDM=Q1.

R

04 08 12 186

0 5000 10000 15000 20000 0 5000 10000 15000 20000

Index Index
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ALDM=01.R

Practical R

SIS-SI host-vector model with vector control

We want to run and compare two simulations in R:

e Sweep through 20, 40, ..., 300% increase in mosquito mortality 0= 1—10.

® \Visualize the relationship between mosquito mortality and prevalence at the endemic
equilibrium!
e Hint: write a function in R with § as input parameter and prevalence at the endemic

equilibrium as output prevalence EE<-function (delta) |

mu<-delta
delta<-delta

. all the simulation code goes here!

prev EE=tail(I,1)/H
output=data.frame (delta=delta,EE=prev EE)
return (output)

‘ }
Swiss TPH &




ALDM=01.R

Practical R

SIS-SI| host-vector model with vector control

We want to run and compare two simulations in R:

Sweep through 20, 40, ..., 300% increase in mosquito mortality 0= 1—10.

Visualize the relationship between mosquito mortality and prevalence at the endemic
equilibrium!

Hint: write a function in R with 4 as input parameter and prevalence at the endemic
equilibrium as OUtpUt delta increase<-seq(l,5,0.2)

lapply (1/10*delta increase,prevalence EE) $>%
bind rows () ->df

df$>%

ggplot () tgeom line (aes (x=delta, y=EE))+
scale x continuous (name="mosquito mortality rate")+
‘ scale y continuous (name="prevalence at equilibrium")+
Swiss TPH 5) theme_bw ()




ALDM=01.R
Practical

SIS-SI host-vector model with vector control

We want to run and compare two simulations in R:

e Sweep through 20, 40, ..., 300% increase in mosquito mortality5 = 1—10 .

® \Visualize the relationship between mosquito mortality and prevalence at the
endemic equilibrium!

0.6

o
'S
)

prevalence at equilibrium
7

i

0.01

0.20 0.25 0.30

_ & 0.10 0.15
Swiss TPH mosquito mortality rate




Ramifications of our vector-host model

What mechanisms should be included and how should those be
implemented numerically?

mechanism model ramification numerical considerations
seasonality transmission to humans is not constant time-dependent coefficients
from periodic function
immunity number of past episodes influences rate for exposed compartments for
productive infection human hosts
climate vector birth/death parameters are not constant = monotone functions from

calendar time to climate
variable to vector parameters

health system | compartments for humans in various stages of = multi-stage Markov model on
treatment cascade top of disease transmission

Swiss TPH & model




Ramifications of our vector-host model

- - Israel’s
What mechanisms should be included and how should those be
implemented numerically? course!
mechanism model ramification numerical consider. /ions
seasonality transmission to humans is not constant time-dependent coefficients
from periodic function
immunity number of past episodes influences rate for exposed compartments for
productive infection human hosts
climate vector birth/death parameters are not constant = monotone functions from

calendar time to climate
variable to vector parameters

health system  compartments for humans Israel,s s of | multi-stage Markov model on
treatment cascade top of disease transmission

Swiss TPH g CcOou rse! model



Key takeaway points:

e host-vector models take into account vector population dynamics and
biting

e ratio between vector and host population can switch between two
distinct quantitative infection dynamics (extinction vs endemicity)

e vector control modeled as increased vector mortality allows to link
entomological parameters to infection outcomes in humans

Swiss TPH g

93




Where can we get parameter values from??

recove ry,)/

1 time span from ovipositing to

— emergence of adult female mosquito SUSCeptible infectious

from pupa stage, given ovipositing

humans S — humans |
1 .. .
T life span of adult female mosquito transmission from x transmission from

humans to mosquitoes

mosquitoes to humans

7 duration of infection in human death SUSCeptible infeCtiOUS
5 W@mosquitoes U mosquitoes V
(¢ host seeking/biting X probability per bite
for infectious mosquito to transmit to \ j birth U
human: “entomological inoculation” 10 birth l 5

/B host seeking/biting X acquisition
rate from infectious human with
gametocytemia to mosquito

Swiss TPH & ‘




Malaria transmission model with vector control

recoveryfy

[—

susceptible infectious
humans S | == || humans |

transm|SS|on from / transmission from
humans to mosquitoes mosquitoes to humans

death 5

Swiss TPH &




From infection duration to recovery rates

recoveryfy

[—

susceptible infectious
humans S humans |

I(t-l—AA)—I(t) — ()

A1

rate Y = expected number of recovery events between time ¢ and ¢t + A

Swiss TPH &




From infection duration to recovery rates

recovery’Y
susceptible | infectious
humans S humans |
I(t+A)—1
SR = () = —(y+ - +7)
\T—/ A <1
t) times

rate Y = expected number of recovery events between time ¢ and ¢t + A

recovery events in individuals are independent from each other

Swiss TPH &




From infection duration to recovery rates

recovery’Y
susceptible | infectious
humans S humans |
I(t+A)—1
SR = () = —(y+ - +7)
T/—/ A <1
t) times

rate Y = expected number of recovery events between time ¢ and ¢t + A

R random variable: time to recovery for infected hosts

Swiss TPH &




From infection duration to recovery rates

recovery’Y
susceptible | infectious
humans S humans |
I(t+A)—1
SR = () = —(y+ - +7)
I(t) ti

R random variable: time to recovery for infected hosts

Assumption: time to recovery R is memory-less

P(R>t+A|R>t)=P(R > A)
SwissTPH&




From infection duration to recovery rates

recovery’Y
susceptible | infectious
humans S humans |
I(t+A)—1
SR = () = —(y+ - +7)
\T)/—/ A <1
t) times

R random variable: time to recovery for infected hosts

Assumption: time to recovery R is memory-less R must follow

P(R>t+ A|R >t) =P(R > A) exponential distribution!
Swiss TPH& ‘




From infection duration to recovery rates

recovery’Y
susceptible | infectious
humans S humans |
I(t+A)—1
SR = () = —(y+ - +7)
I(t) ti

R random variable: time to recovery for infected hosts
R has exponential distribution

P(R> A) = e A for y=—InP(R > 1)
SwissTPH&




From infection duration to recovery rates

recovery’Y
susceptible | infectious .
humans S humans | '
I(t+A)—I(t
SR = () = —(y+ - +7)
N———’
I(t) times

rate Y = expected number of recovery events between time ¢ and ¢t + A

Swiss TPH &




From infection duration to recovery rates

recovery’Y
susceptible | infectious
humans S humans |
I(t+A)—I(t
SR = () = —(y+ - +7)
e
I(t) times

rate 7Y = expected number of recovery events between time ¢ and ¢ + A

1 1 [/ ye 7 da
~PE<R<t+AR>t) = x+— 2y A<l

frequency of instantaneous recovery
Swiss TPH events given exponential distribution




From infection duration to recovery rates

recovery’Y
susceptible | infectious
humans S humans |
I(t+A)—1
SR = () = —(y+ - +7)
I(t) ti

7Y = intensity of recovery

Which data can be used to get
a numerical value for v ?

Swiss TPH &




From infection duration to recovery rates

recovery’Y
susceptible | infectious
humans S humans |
I(t+A)—1
SR = () = —(y+ - +7)
I(t) ti

7Y = intensity of recovery

Which d?ta can be used to get time to recovery = infection duration
a numerical value for v 7 R has exponential distribution: ]E(R) — %

Swiss TPH & ‘




From infection duration to recovery rates

recovery’Y
susceptible | infectious
humans S humans |
I(t+A)—1
SR = () = —(y+ - +7)
I(t) ti

1
average infection duration

7Y = intensity of recovery =

Which d?ta can be used to get time to recovery = infection duration
a numerical value for v 7 R has exponential distribution: E(R) — %

Swiss TPH & ‘




Practical: Numerical values for parameters

Infection duration

e Download the paper:

Chitnis et al.: Determining Important Parameters in the Spread of
Malaria Through the Sensitivity Analysis of a Mathematical Model,
Bull Math Bio 2008

e Discuss difference between our simplified Ross-McDonald
model and equations 1a) - 1g) in the paper

e Search in the appendix A for possible values of infection
duration in human hosts

Swiss TPH g‘ ‘




Malaria transmission model with vector control

recovery’y

[G—

susceptible infectious
humans S | — | humans|

(X transmission from
mosquitoes to humans

a1 a2
Q = biting rate x probability of transmission

host seeking
number of bites mosquitoes can make
number of bites human can receive

Swiss TPH & entomological inoculation rate (EIR): EIR = HBR x PfSR

infectiousness of pathogen strain
parasite sporozoite load



Practical: Numerical values for parameters

Biting rates and infection probability

e Download the paper:

Chitnis et al.: Determining Important Parameters in the Spread of
Malaria Through the Sensitivity Analysis of a Mathematical Model,
Bull Math Bio 2008

e Search in the table 2&3 (baseline high) possible values of biting
rates and probability of infection

Swiss TPH g‘ ‘




Malaria transmission model with vector control

death 5

/B transmission from
humans to mosquitoes
R
C—

Swiss TPH &




Practical: Numerical values for parameters

Mosquito life cycle and infections to humans

e Download the paper:

Chitnis et al.: Determining Important Parameters in the Spread of
Malaria Through the Sensitivity Analysis of a Mathematical Model,
Bull Math Bio 2008

e Search in the table 2&3 (baseline high) possible values of
mosquito birth and death rates and probability of infection
from humans to mosquitoes

Swiss TPH g‘ ‘




Practical 6d: Simulate with numerical values!
parameter description value unit

gamma reciprocal of untreated infection duration 1/day

alpha_1 biting rate within gonotrophic cycle 1/day

alpha_2 probability of transmission to humans 1

delta_1 density-independent mosquito mortality rate 1/day

delta 2 density-dependent mosquito mortality rate 1/mosquito 1/day
mu per capita mosquito birth rate 1/day

beta probability of transmission to mosquitoes 1

Swiss TPH &




Practical 6d: Simulate with numerical values!
parameter description value unit

gamma reciprocal of untreated infection duration 1/285 1/day

alpha_1 biting rate within gonotrophic cycle 0.5 1/day

alpha_2 probability of transmission to humans 0.022 1

delta_1 density-independent mosquito mortality rate 0.033 1/day

delta 2 density-dependent mosquito mortality rate 0.00002 1/mosquito 1/day
mu per capita mosquito birth rate 0.13 1/day

beta probability of transmission to mosquitoes 0.48 1

Swiss TPH &




Practical 6d: Simulate with numerical values!

parameter
gamma
alpha_1
alpha_2
delta_1
delta_2
mu

beta

Swiss TPH g

description value
reciprocal of untreated infection duration 1/285
biting rate within gonotrophic cycle 0.5
probability of transmission to humans 0.022
density-independent mosquito mortality rate 0.033
density-dependent mosquito mortality rate 0.00002
per capita mosquito birth rate 0.13
probability of transmission to mosquitoes 0.48

H=5000; I0=1; V0=8; VectorHumanRatio=5;

unit

1/day

1/day

1

1/day

1/mosquito 1/day
1/day

1

finalT=1*365

ALDM=01.R

x0 <= ¢ (S=H-I0,I=I0,U=H*VectorHumanRatio-V0,V=V0)##initial condition
timesteps<-seqg (0, finalT, 1) ##time unit in days

alphal<- 0.5; alpha?2<-0.022; alpha=alphal*alphaZ2;

delta=deltal+H*VectorHumanRatio*delta?

parms <- c(alpha=alpha, gamma=1/285,beta=0.48,

deltal=0.033;

mu=0.13,delta=0.13)
results<-ode (x0, timesteps, RossMcDonald.model, parms) $>%
as.data.frame

delta2=2*10"-05




Practical 6d: Simulate with numerical values!
parameter description value unit
gamma reciprocal of untreated infection duration 1/285 1/day
alpha_1 biting rate within gonotrophic cycle 0.5 1/day
alpha_2 probability of transmission to humans 0.022 1
delta_1 density-independent mosquito mortality rate 0.033 1/day
delta_2 density-dependent mosquito mortality rate 0.00002 1/mosatiito 1/dav
mu per capita mosquito birth rate 220007
beta probability of transmission to mosquitoes 0.. 200001 state
% 15000 Bl
_§- 10000 - : 3
o
5000 X
04

0 100 200 300
Swiss TPH & time (days)




Key takeaway points:

e ordinary differential equations are memory-less

e time to event in compartment (e.g. recovery) is interpreted as
exponentially distributed random variable

e rate of such event is reciprocal of expected value, such that numerical
values for rates can be derived from average duration data (e.g.
infection, life,...)

Swiss TPH g 116
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Snapshots of disease prevalence

Swiss TPH g




Snapshots of disease prevalence
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Snapshots of disease prevalence
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Snapshots of disease prevalence
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Snapshots of disease prevalence
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Generations

ssssssss



Generations




per capita change in number of
new cases per unit of time
r=(1+1+2-1+2)/4/10=0.125

GenerathnS [ growth rate r:

day: 0 /
d/ay: 1 new infection: +1 \

day: 2 new infection: +1

day: 3  new infection: +2 recovery: -1

@y: 4 new infection: +2 /

Swiss TPH g ‘




. / generation time T:
Generatlons mean duration between time of
infection of a secondary infectee
and the time of infection of its
primary infector

day: O O T=(1+142+1+1+1)/6=1.16

d/ay: 1 new infection: +1 / \

day: 2 new infection: +1

day: 3  new infection: +2 recovery: -1

@y: 4 new infection: +2 /

Swiss TPH g ‘




. / generation time T:
Generatlons mean duration between time of
infection of a secondary infectee
and the time of infection of its
primary infector

day: O O T=(1+142+1+1+1)/6=1.16

d/ay: 1 new infection: +1 / \

day: 2 new infection: +1

this infection has
‘ generation time=2

day: 3  new infection: +2 recovery: -1

@y: 4 new infection: +2 /

Swiss TPH g ‘




Basic reproduction number
basic reproduction number R :

“expected number of secondary infections
that arise from a typical primary case during
its entire period of infectiousness in a
completely susceptible population”

Ro > 1

initial outbreak will result in full-scale epidemic!

secondary infections caused by each host,
average: 6/5>1




Basic reproduction number
basic reproduction number R :

“expected number of secondary infections
that arise from a typical primary case during
its entire period of infectiousness in a
completely susceptible population”

Ro=1+rT

Ro=1+0.125 x 1.16 = 1.1458

Swiss TPH g




Basic reproduction number
basic reproduction number R :

“expected number of secondary infections
that arise from a typical primary case during
its entire period of infectiousness in a
completely susceptible population”

Ro <1

initial outbreak quickly dies out!

secondary infections caused by each host,
average: 4/5<1

Swiss TPH




Basic reproduction number

rrerreeee

TrrrerTre

TT%MT e

Calculate growth rate r and generation
time T based on this observation!

rmreereeee




Basic reproduction number

Calculate growth rate r and generation
time T based on this observation!

r=(1+1-3+2-2)/4/10=-1/40
T=(1+1+2+1)/4=5/4

Ro =1+ rT =0.96875




Lotka-Euler equation and basic reproduction number

n(a) rate of new infection at generation time a

b(t) f ~0 t — a) ( )dCL “renewal equation for
(t) =

new infections”
b(t

b(t) = [, b(t)e n(a)da

b(t — a)e”™™ exponential growth with rate r

1= fa>0 e "n(a)da “Lotka-Euler equation’

RO — fa>0 n(a)da total number of secondary infections from a host with
B generation times a
generation time = infection duration probability distribution: g(a) — ”7(2"’)
0

from Lotka-Euler: %0 = fazo e "g(a)da
Swiss TPH ‘




Lotka-Euler equation and basic reproduction number

: 1 —ra
from Lotka-Euler: Re = faZOe g(a)da

M¢(z) = [ .,e**f(a)da “moment-generating function of probability distribution

Now back to ODE models: we have seen that from the memory-less
property of time to recovery it follows that infection duration must be
exponentially distributed with intensity: ~ — ] /T

g(a) = ye
M,y(2) = Ro=1F =1+

I
Y—= Y Y
Swiss TPH g

= 1+7rT




Lotka-Euler equation and basic reproduction number

: 1 —ra
from Lotka-Euler: Re = fazoe g(a)da

M¢(z) = [ .,e**f(a)da “moment-generating function of probability distribution

Now back to ODE models: we have seen that from the memory-less
property of time to recovery it follows that infection duration must be
exponentially distributed with intensity: ~ — ] /T

. —va Poisson counting process defined as counting process with exponentially

g (CI,) T ’}’6 distributed time to next event (=recovery); Poisson process has mean b
~y gamma-+r is rate of new infections

My(z) =

Y—2

RO_’YJFT_ﬁ

Y Y
Swiss TPH g




Linearization of differential equations

Let’s be a bit more precise basic reproduction number:

“expected number of secondary infections

that arise from a typical primary case during
/ its entire period of infectiousness in a

completely susceptible population”

Depletion of susceptible!

/ \ This population is not completely susceptible any more!

as __

i = —pSI -

dI linearize at the

dt 65[ _ ’YI disease-free equilibrium!

Swiss TPH g \




Linearization of differential equations

dS :—,BSI
—t:ﬁsw—

X =

(Df)(X) =

aXxX
dt

S

1

f(X) =

linearize at the disease

free-equilibrium!

—BX15E
BX15E — X,

dx

dt

linear differential equation

= f(X)

(anf(X)i) i j=1,2 Jacobian of vector field f

= (Df)(X)
Swiss TPH S

non-linear
differential equation



Linearization of differential equations

Find the disease-free equilibrium (DFE) of the SIR system!
Linearize the SIR system at the DFE!

S - BX1 5 .
— — Df)(X) = (8x.f(X)?). .

Swiss TPH g




Linearization of differential equations

Find the disease-free equilibrium (DFE) of the SIR system!

Linearize the SIR system at the DFE!

g - X&
x= % qo=|
i BX1F{ —Xe
L= =0= x = |7
o e
B Bx0-0 ﬁf\;—'y_

Swiss TPH g

(DF)(X) = (0x, (X)),

S* = N w.lo.g.




Linearization of differential equations

Find the disease-free equilibrium (DFE) of the SIR system!
Linearize the SIR system at the DFE!

_S_ - _BX Xa il
x= % qo=|
B BX15 — X2
_S*-
% — f(X) — O — X* — O S* — NW.]..O.g.
- 0 g+ T This is the only part that contributes to
— 0 X han in infections!
(Df) (X*) — IB Sl*B Al If it is posﬁivae,gtﬁZn epideecm(i)c iSncreases!!
Bx0-0| 85—

SwissTPH& | /B>7<:>g>1 ‘




Next generation matrix theory

® linearized system (depletion of susceptibles are not taken into consideration
at the beginning of an epidemic)

® disease-free equilibrium (we are only interested whether a single infected
host is able to invade the population of susceptibles)

® only infectious compartments are considered for epidemic growth condition

® decomposition into inflow to/ outflow from infectious compartments

Swiss TPH g ‘




Next generation matrix theory

: e s dX o
0. Calculate disease-free equilibrium = f(X) — ()
1. Determine infectious compartments
2. Decompose inflow and outflow for infectious compartments f =F-V

3. Linearize inflow and outflow at disease-free equilibrium

F 0] [V 0 - -
Df)(X*) = F = 0;F'(X*) V=0,V (X~
OHEY = o ol + |y 5| F=2FE) V=ovix)

4. Next-generation matrix Fv-1 N Fnon-negative
F(i,j) rate at which infected individuals in

_ A L )\ . compartment j produce new infections in
5. Spectral radius P( ) — maX{l zl compartment i

6. Ro= p(FV_l)
SwissTPHg




Next generation matrix theory

: e s dX o
0. Calculate disease-free equilibrium = f(X) — ()
1. Determine infectious compartments
2. Decompose inflow and outflow for infectious compartments f =F-V

3. Linearize inflow and outflow at disease-free equilibrium

F 0] [V 0 - -
Df)(X*) = F = 0;F'(X*) [V =0,V (X~
DX = o ol + |y 5| F=OFED V=ovi)

V non-singular

4. Next-generation matrix Fy-1 VA{-1}(ij) average time
individual spends in

rtment j during it
5. Spectral radius p(A) — max{|)\z-|; A)\z' — /\iai} compa ngrr{e uring its

6. Ro= p(FV_l)
SwissTPHg




Next generation matrix theory
0. Calculate disease-free equilibrium dX _ f(X) —(

dt
1. Determine infectious compartments

2. Decompose inflow and outflow for infectious compartments f =F-V

3. Linearize inflow and outflow at disease-free equilibrium

F 0 V 0 - -
(Df)(X*) = + F=0,F(X*) V =9;Vi(X")
O O J J FVA{-1}(i,j) expected number of new
_ . <3 4 infections in compartment i
1 produced by the infected individual
4. Next-generation matrix FV originally introduced into
compartment |

5. Spectral radius P(A) — max{l)\z’h AN\ = /\iaz’}
6. Rog= p(FV_l)
Swiss TPH&




Next generation matrix theory

. _— dxX L
0. Calculate disease-free equilibrium = f(X) — ()

1. Determine infectious compartments
2. Decompose inflow and outflow for infectious compartments f =F -V

3. Linearize inflow and outflow at disease-free equilibrium

F 0 'V 0 - -
Df)(X*) = F=0F(X*) V=0,V(X*
(Df)(X™) 0 0 -+ Js Ju G (X) iVH(X)

4. Next-generation matrix ~ F'V ~}
5. Spectral radius ~~ P(A) = max{|\;[; A\; = N;a;}
6. Ro=p(FV 1)

Swiss TH S




Next generation matrix theory

Where does the spectral radius come from?

M = FV 1 next generation matrix
M(X*): R™ — R™  bounded operator with | M|| = max; ; M;;

After k generations, infected population in compartment j is: Zj MZI;

1
Per-generation growth factor of infections is: | ‘Mk| | k

Long-term growth factor of infections: limyg ||Mk‘ | ko= P(M)

p(M) Is calculated by maximum of the modulus of eigenvalues of M

,O(M) < | ‘M‘ | spectral radius is lower bound for any matrix norm

Swiss TPH &




Next generation matrix theory

Where does the spectral radius come from?

M = FV 1 next generation matrix
M(X*): R™ — R™  bounded operator with | M|| = max; ; M;;

After k generations, infected population in compartment i is: Zj MZI;

1

. . . . — think of binary tree size: 2”k
Per-generation growth factor of infections is: H MFE H k growth factor: 2

Long-term growth factor of infections: limyg ||Mk‘ | ko= P(M)

p(M) Is calculated by maximum of the modulus of eigenvalues of M

,O(M) < | ‘M‘ ‘ spectral radius is lower bound for any matrix norm

Swiss TPH &




Next generation matrix theory

Where does the spectral radius come from?

M = FV 1 next generation matrix
M(X*): R™ — R™  bounded operator with | M|| = max; ; M;;

After k generations, infected population in compartment i is: Zj MZI;

1
Per-generation growth factor of infections is: | ‘Mk| | k

spectral radius

Long-term growth factor of infections: limyg ||Mk‘ | ko= P(M)

p(M) Is calculated by maximum of the modulus of eigenvalues of M

,O(M) < | ‘M‘ | spectral radius is lower bound for any matrix norm

Swiss TPH &




RO for vector-host model with next-generation matrix

L (t) = —a L1 5(t) + 4I(t)

4L (t) = a%s(t) —I(2)

WU ()= —BELU(t) + uM — SU(t)
() = BHU() - 6V (2)

1. Define infectious compartments: X = [‘I/]

2. Decompose inflow and outflow for infectious compartments:

i) V=)
F = a V=
Swiss TPH & (ﬁ U% oV ‘




RO for vector-host model with next-generation matrix

1. Define infectious compartments: X = [é]

2. Decompose inflow and outflow for infectious compartments:
P aS% V — vI
BU 4 oV

3. Linearize inflow and outflow at disease-free equilibrium, calculate Jacobian matrix:

oF _ 0 aS* L _ 0 o v _ [’Y O]
woBUtE 0 BU*% O 2
Diekmann-Heesterb_eek-Met.z 1990:
4. Calculate next-generation matrix, spectral radius of NGM: Next Generation Matrix
—1
3—"_1:[7 O] _(loF (av 1
) 0 o Ro_p(ax(ax)

Swiss TPH g ‘




RO for vector-host model with next-generation matrix

OF _ 0 aS*%:[O a] a_‘v:[’)’ 0]
X purk 0 BAL g X o s
Diekmann-Heesterb_eek-Met.z 1990:
4. Calculate next-generation matrix, spectral radius of NGM: Next Generation Matrix
—1
oyt (v 0 _ (loF (av 1
2 Ro=p (% (5) )

Let’s do the Ry maths!

Swiss TPH &




RO for vector-host model with next-generation matrix

0 aS*% [0 a o [7 0]
BU*% 0 _L%Ol N (U
4. Calculate next-generation matrix, spectral radius of NGM:

(5) = r; 5(—)1]

oF rovy-1 [0 o[yt o] || O 7

OF _
X

Next Generation Matrix

Swiss TPH &




RO for vector-host model with next-generation matrix

0 aS*% [0 a o [’y 0]
BU*% 0 | [ﬂ% 0] N (U
4. Calculate next-generation matrix, spectral radius of NGM:

=0

T M — | B M
0X \ 0X /Bﬁ 0 0 ) 1 ; =

Characteristic polynomial for eigenvalues

OF _
X

Next Generation Matrix

R

-

H

_ Y -
Swiss TPH &




RO for vector-host model with next-generation matrix

0 aS*% [0 a o [’y 0]
BU*% 0 | [ﬁ% 0] N (U
4. Calculate next-generation matrix, spectral radius of NGM:

=0

OF _
X

Next Generation Matrix

Y
B]F (8V )_1 — [ 0 OC] [7—1 O ] _ O T Eigenvalues
0X \ 0X IB% 0 0 5—1 _ g % 0 _
A\ _ L Ja B M

Characteristic polynomial for eigenvalues 1/2 - Y 5 H

- o

0 5
L& 0

_ Y -
Swiss TPH &




RO for vector-host model with next-generation matrix

0 aS*% [0 a o [’y 0]
BU*% 0 | [ﬁ% 0] N (U
4. Calculate next-generation matrix, spectral radius of NGM:

=0

OF _
X

Next Generation Matrix

_ X
8IF ( 8V )_1 — [ 0 a] [7 ! O ] _ 0 d Eigenvalues
0X \ 0X IB% 0 0 5—1 _ g % 0_
Ny jo = /& B M
Characteristic polynomial for eigenvalues 1/2 - Y 5 H
I 0 % i Spectral radius
det — Al ]|=0
M
gﬁ 0 ’Ro:max\)\i\:\/aﬁM
Swiss TPH S : -
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RO for vector-host model with next-generation matrix

Mosquito Theorem:
vector control is a sufficient condition for
malaria elimination in humans

Ro
5 _ K3 _ K
N =55 <%
0 5000 10000 15000 20000 0 5000 10000 15000 20000 ratio of vectors to hosts
Index Index
a BIM
Ro = max [A\;| =
0 1 ~ 6 [H

Swiss TPH g ‘




RO for vector-host model with next-generation matrix

Mosquito Theorem:
vector control is a sufficient condition for
malaria elimination in humans

Ro
:3 _ K 3 K
N =357
0 5000 10000 15000 20000 0 5000 10000 15000 20000 ratio of vectors to hosts
Index
Clara Champagne’s course:
2 —gv a B M
ma“bc e Ro = max |\;| =
— v 0 | H
0 e

r
Swiss TPH g g ‘




RO for vector-host model with next-generation matrix

Mosquito Theorem:
vector control is a sufficient condition for
malaria elimination in humans

Ro
5 _ K3 K
g ~ 55 <73
0 5000 10000 15000 20000 0 5000 10000 15000 20000 ratio of vectors to hosts
o Index . .
Clara Champagne’s course: transmission
2 —gv
VA Ro = max |\;| =
0= -

Swiss TPH & recovery/death ‘




RO for SIR model with newborn vaccination

1 death transr‘nB “sion deat/rl '}’ death
— € T I r_1 recovery
unvaccinated fraction of newborns birth
——
— susceptible mfectlous —) recovered

9 = (1 —€) — BSI — uS
—I:,BSI—*yI—uI
dR_’)’I [LR

Swiss TPH &




RO for SIR model with newborn vaccination

death I tranSt‘nBssmn

death Y I
]_ — € T I recovery M| death
unvaccinated fraction of newborns birth _
m—) susceptible mfectlous m—) recovered

9 = (1 —€) — BSI — uS
—I:,BSI—’)’I—/LI

dR
=7l — uR 1. DFE: §*=(1-€)=*Sy,I=R=0

2. Infectious compartment & decomposition: = BSI
3. Li izati t DFE V=0+ul
. Linearization a F=(1—e)%ﬁ V=rntpu

4. Next-generation matrix fy -1 = (1 — e)%%

' € —(1_e\2_B  _(1_
cwice 1 S 5. Spectral radius Ry = (1 —¢€) T = (1—€)Ro




RO for SIR model with newborn vaccination

death Ié death Y I
]_ — € T I rans ssmn I recovery M} death
unvaccinated fraction of newborns birth ‘
m—) susceptible mfectlous m—) recovered

9 = (1 —€) — BSI — uS
—IZ,BSI—'yI—uI
dR—’)’I ,U'R

coverage of newborns
will control disease spread

)

Increasing the vaccination }

coverage to control disease

Required vaccination
spread

Swiss TPH & ‘




RO for SEI with treatment failure

treatment
. ‘
susceptible exposed treated
|ncubahon
treatment IB 2
transm|SS|on (P failure | transmission

treatment

T2

Swiss TPH &




dS

@

dt

dI

dt

dr

dt

RO for SEI with treatment failure

Tuberculosis treatment

= —04 S susceptible ] exposed —

transmission failure / transmission

=B — @l — 131 B

= B1S4 + BT+ —TE+ oI —LE i”C‘ibaiiO”(p veatment/ 132
treatment

72

Swiss TPH &



dS’

@

dt

dI

dt

dr

dt

RO for SEI with treatment failure

Tuberculosis treatment

= —04 S susceptible y exposed —

= B1S4 + BT+ —TE+ oI —LE i”C‘ibaiiO”(p veatment/ 132

transmission failure | transmission

=B — @l — 131 B

Calculate basic reproduction number following the steps:
1. Disease-free equilibrium
2. Infectious compartments & decomposition
3. Linearization
4. Next-generation matrix
Swiss TPH& 5. Spectral radius

treatment

72




RO for SEI with treatment failure

Tuberculosis treatment
T1
——
dS _— —,B S 4 susceptible - exposed :
@—IB Si _|_,B TL—TE—I— I —F incubation IB
dt 1 N 2 N 1 <P — L treatment 2. |
dI transmission l (P failure | fransmission
T — B — ()oI — 7‘2_[ ,81 treatment
£ ——piTh + B+l "

1. Disease-free equilibrium

S*=S8(0),E=I=T=0

Swiss TPH &




RO for SEI with treatment failure

Tuberculosis treatment
T1

—
dS’ = —0 S L susceptible : exposed —

dE I I i i

T — /B].S _I_ /BQT_ T T].E + (PI T LE mCULbatlon treatment 182. .

dI transmission l 90 failure | fransmission

P LB — QOI — 7'2.[ ,31 treatment
A SR, "
2. Infectious compartments & decomposition

E, | are infectious compartments —IBIS% _|_ Ing%- - '7'1E B QOI N LE -
incubation and treatment failure are IF — V —

not considered to be new infections O —LE _|_ QOI 1 7-21'

SwissTPH& % — f(X) — IF(X) — V(X) |




RO for SEI with treatment failure

Tuberculosis treatment
T1
——

dS = —04 S L susceptible : exposed —
dE L I I incubation
W —,B]_SW _I_/BQTW _T].E_l_(PI_LE L treatment 182
dI transmission l (P failure | transmission
T — B — ()oI — 7‘2_[ ,81 treatment
R R CAL "
3. Linearization at DFE

P 0 B V_-T1—|—L —p

_O 0 1 L QY - T2 |

Swiss TPH & ‘




RO for SEI with treatment failure

Tuberculosis treatment
T1
—
dS = —04 S L susceptible : exposed —
% — /B _I_ /BQTL T T].E _l_ (PI LE inCULbation treatment 182
dI transmission l (P failure | transmission
P LB — (pI — 7'2.[ 131 treatment
4. Next-generation matrix
leo 181:| v 1T+t —o V-1 _ . @ + T ©
0 0 —1L @ + To (T+L)(90+T2) ¥ L T1 + ¢
M—=FV-1— 1 B (11 + )b
Swiss TPH S (T+e)(pt+m2)—e | 0 |

|




RO for SEI with treatment failure

Tuberculosis treatment

71

—)

dS = —04 S L susceptible \ exposed —
dE I i |

—_— = /BlSW _I_ /BQTW — T]_E _l_ (PI T LE InCULbaion(p treatment 182

dt . o
transmission failure | transmission

4L — \F — oI — oI B,

5. Basic reproduction number

treatment

72

— L1
Ro = Tritermre

Swiss TPH &




dS’

@

dt

dI

dt

dr

dt

RO for SEI with treatment failure

Tuberculosis treatment
= —04 S susceptible y exposed :
- IB]_ SW _I_ ,BQTW — T].E + (PI — LE InCULbatlon treatment 182
transmission l P faiture | ransmission
=B — (pI — 7'2.[ ,31 treatment
- 4Tk + B+l "
E, | are infectious B -1815% -+ ,BZT% -+ (,OI- -TlE —+ VB
compartments F = V =
both incubation and I vE ] _7'2[ -+ QOI_

treatment failure are
considered to be new
infections

L S
RS Decomposition is not unique! .



RO for SEI with treatment failure

Tuberculosis treatment
T1

dS’ = —0 S L susceptible exposed | T

@ p— IBIS% —|— /BQT% — 'T]_E —I_ (PI - LE inCULbaiiOn(p treatment 182

dt )
failure

% =B — QOI — 7'2.[ /Bl treatment
& — piTf + B+ nl "
E, | are infectious -IBIS% -+ IBZT% -+ QOI- -TlE —+ LE-
compartments ]F p— —
both incubation and L 7-21' -+ 90_[

treatment failure are
considered fo be new Assignment: Calculate basic reproduction
Swiss TH S number in this case and compare!




RO and the final epidemic size

SIR model IB
£ ) transmission

—)
susceptible infectious =3=j recovered

recovery

dsS

7 —_ —,BSI

4L — BST —~I | =

dR _ 7T final epidemic size

dt v How many hosts had been infected (and

S+T+R=1 recovered) during the course of the epidemic?
Swiss TPH ‘




RO and the final epidemic size

SIR model /3

£ ) transmission

n — ] n
susceptible infectious =3=j recovered
recovery

45 — _BSI

dI __ BSI—~I __ 1
—I=ﬂSI—’yI ~ 45 = —ﬁs; = —1 Zss

ds

4B _ o dl = —dS - g =—dS+7dlogS
S +I+R=1

Swiss TPH &




RO and the final epidemic size

SIR model /3
£ ) transmission
" _ " "
susceptible -
recovery

@ = —BSI Al _ BSIAI 1

— —yL Y
AL —BSI—I = = pr — 1t 3%

_ LY ds . pa
iR dl = —dS+ 3% = —dS + Jdlog$
S4T+R=1 I(t) = —S(t) + §log(S(¢)) + C

Swiss TPH &




RO and the final epidemic size

SIR model
£ ) transm|SS|on
—)
susceptible mfectlous —> recovered
recovery
I(t) = —S(t) + 5log(S t >0
a0y o1 ~5(0)+ FloE(S(e0)) = S(0) + F1og(S(0)
I(c0) = 0 log §(o0) = f( (00) = 1)
$(o0) _ o hese)
inal epidemic size — B
~ final epid KR(OO)—I—e £ R()

Swiss TPH &




RO and the final epidemic size

SIR model
£ ) transmission
—)
susceptible mfectlous —> recovered
recovery

I(t) = —S(t) + 5log(S t>0

S0 oy ~S(00)+ Flog(S() = ~S(0) + Flog(5(0)

I(00) = 0 log S(00) = (_( 3—1)

( ) - (1 (00))
final epidemic size
{ depends on RO! K R(OO) —1_ e—RoR(OO)

Swiss TPH &




AIDM=01.R
RO and the final epidemic size R

SIR model ﬂ

susceptible infectious =3=j recovered

recovery

f<-function (x,Vy) {x-1l+texp (-y*x) }
FES<-function (RO)uniroot (function(x) f(x,R0),c(0.001,1)) [[1]]

FES (3)

final epidemic size, R0>1

Swiss TPH g




AIDM=0Q1.R

RO and the final epidemic size R
SIR model ,3
susceptible |~ _infectious | _recovered

recovery

Assume a case-fatality ratio of 5%! ‘R

With the Rwandan population in 2020, how many deaths would
have occurred in total during the uncontrolled epidemic?

sapply(c(1.2,2,3),FES)*14%*1076*0.05

Swiss TPH &




Key takeaway points:

e RO can be derived as an approximation from growth rate and generation
time data

e RO is a threshold summarizing model parameters providing information
whether a small outbreak will become an epidemic

e next-generation matrix method allows to calculate RO for more complex
models

e RO is an important performance indicator in public health (e.g. vector

Contg, vaccination, final epidemic size)

Swiss TPH - \ 182




More examples for next-generation matrix calculations

transmission /Bs 5

SIR with asymptomatic

‘ ) 2 )
susceptible sssmm)  infectious, asymptomatic = mmp
P
| S progression
transmission /Ba l recovery 7Y
Ba < Bs
asymptomatic are less -,BaS£ -|- ,BSSA- L [ pIBa ]
B | . pL, (v + ), recovered
" Ba Bs i Ba Bs
F:[’Ba 5s]vzlp 0 ] Fy-l—|» fd (?_ )(—)\)—m 0
p 0 0 v+6 1 _ A2 — Aﬁa—m 0
Swiss TPH & 72‘0 — + \/ ’Y+5




More examples for next-generation matrix calculations

Groups of hosts in locations y & o IByy

t_‘ transmission among y residents

recovery

By Byo .y Cyy  Cyo

_/Boy :Boo_ Coy Coo_

recovery

IBOO transmission among o residents
Swiss TPH & \ 184




More examples for next-generation matrix calculations

Groups of hosts in locations y & o IByy
t_‘ transmission among y residents

recovered & y residents

contact matrix
recovery

By Byo .y Cyy  Cyo

_/Boy :Boo_ Coy Coo_

recovery

IBOO transmission among o residents
Swiss TPH & \ 185




More examples for next-generation matrix calculations

F =

5% D Cini
_IB f\; Zz Cz’oIi_

F = ﬂ( S Cﬂ)w

Ro =

Swiss TPH &

ssuming that

a
Shy)?

*=(S"0)"

350(CT) = 3

*=N/2 ]

Vl=

spectral radius of
contact matrix

186
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3 - Sensitivity analysis




Sensitivity analysis

Input Output

Swiss TPH g



Sensitivity analysis

Swiss TPH g

ds
dt

dl

dt

— —BSI

BSIT — ~I




Sensitivity analysis

45 — _BST
aL — BSI —~I .
4t =4I Ro=3
B=0.5 R(oc0) = 0.68
Input Output
>
v =0.3 .

argming. ({1 (t) = I} = 30.78 days

Swiss TPH g




Sensitivity analysis

Lo —

G =1
B=0.9 R(o0) = 0.94
Input Output
v = 0.3 >

AN

max;~o()I(t)) = 0.3 = I

= largmin,. o {I(t) = I} = 12.78 days

Swiss TPH g ‘




Sensitivity analysis

Important questions after we have built our model:

how do small variations in input values influence model output? [gradient]
IS there a general (e.g. linear) trend between input and output? [regression]

if we consider input values as random, how do output values depend on them?
[Sobol]

how are the input parameters interacting between each other towards the output?
[Sobol]

Swiss TPH g




Sensitivity analysis

Why should we care about sensitivity?
® remove redundant parts of model
® fix insensitive parameters of model

® calibration should focus on sensitive parameters first

Swiss TPH &




Local sensitivity analysis

Gradients
% change in output
0Q
Local sensitivity index of @  9Q p . Q
output Q w.r.t. parameterp:  Xp *= F, 0 ~ Top % change in input
p
Ro .. ORo v __ o —2 _

for 1 % increase in recovery
rate, we have 1% decrease in
RO

.. ORy B _ . —-108 __ _
Xﬁ T 8ﬂ Ro o 7 ﬁ - ’Y 7 o 1 for 1 % increase in
Y

transmission rate, we have 1%
Swiss TPH &

increase in RO




Local sensitivity analysis
Gradients

% change in output

0Q
Local sensitivity index of 0 p . O
output Q w.rt. parameter p: - Xp ‘= gp g~ Tap| | %changeininput
p
_ . JalB

Ro = \/ i 2
Ro._ ORy B __
XB = T8 Ry

Swiss TPH &




Local sensitivity analysis
Gradients

% change in output

0Q
Local sensitivity index of 0 p . O
output Qw.rt. parameter p: - Xp *= Fp g~ Tgp | %change ininput
p
_ . Jab
Ro._ O0Ry B __ 1
X/B T 8,8 RO 9

Swiss TPH &




Local sensitivity analysis

Gradients
% change in output
0Q
Local sensitivity index of Q. 4 p _ O
output Q w.r.t. parameterp:  Xp *= F, 0 ~ Top % change in input
D
R(OO) — 1 — e_ROR(OO)
R(OO) : N . _—Roxr
Xﬁ — Use automated differentiation for the root functionof € — 1 — e €T

Swiss TPH &




Global sensitivity analysis

Variance-based methods

Input
e model as black box L

P

Output
f(P)=@Q

>

e decompose variance in output based on variance in input

fO(P) — W(f(P)) average effect on output

fz(Pz) — E(f(P)IPZ) — ]E(f(P)) main effect on output by varying P_i
fij(Pi, Pj) = E(f(P)| P, Pj) — fo — fi — [ main effect on outaut
f(P) — fO + Zz fZ(PZ) + Zz’,j fz](PZ’PJ) T orthogonal

decomposition
Swiss TPH g P |




Global sensitivity analysis

Variance-based methods

Input
e model as black box L

P

Output
f(P)=@Q

>

e decompose variance in output based on variance in input
f(P) = fo+ 2 fi(Pi) + > fij(Pi, Pj) + - ..
Var(X) = E((X — E(X))?)
Var(f(P)) =2_; Vi+2.,;ViVi+ ...

Vi = Var(fi(F;)) = Var(E(f(P)|F;))

Vij = Var(fi;(F;, Pj)) = Var(E(f(P)|F;, Pj)) — Vi = V;

Swiss TPH




Global sensitivity analysis

Variance-based methods

Input
e model as black box L

P

Output
f(P)=@Q

>

e decompose variance in output based on variance in input
f(P) = fo+ X2 fi(Pi) + X fii(Pi, Py) + ...
Var(X) = E((X — E(X))?)
Var(f(P)) =2 ;Vi+2.,;ViVi+ ...
interaction between P_i and P_] 1r(]E( f(p) | pz))

Vij = Var(fi;(Pi, Pj)) = Var(E(f(P)|P;, Pj)) — Vi = V;

Swiss TPH




Global sensitivity analysis

Variance-based methods

Input
e model as black box L

P

Output
f(P)=@Q

>

e decompose variance in output based on variance in input
Vi = Var(fi(F;)) = Var(E(f(P)|P;))
Vij = Var(fi;(P;, Pj)) = Var(E(f(P)|P;, Pj)) — Vi =V

P = Var(Vfi( P)) first-order Sobol index

relative contribution of from P_i to the total
Swiss TPH g variance of the output




Global sensitivity analysis

Variance-based methods

Vi = Var(fi(P;)) = Var(E(f(P)|F;))

first-order Sobol index

need to sample from P,
two independent sample sets of size N from parameter distribution A, B

conditional probability:
estimator for V;:

Vi =% >, f(B);(£(A%); — £(A))))

conditional probability
Swiss TPH S A’ i column of B into A




Global sensitivity analysis

Variance-based methods

V; = Var(f;(P;)) = Var(E(f(P)|P;)) Need to fix

lower/upper bounds for
parameter sampling
here: 0.1-0.3

ﬁ /
4 — —BSI

dt
L — BST — I

@ =1

Vi =% 2, F(B)i(f(A%); — f(A);))

parameter

. beta

Use the sobolSalt function in the R package -

sensitivity with f(P)= infection peak for the

SIR model!
Download the AIDM2.R script from the webpage!

| & | =
Swiss TPH model




o _ AILDM=02? .R
Global sensitivity analysis d
Variance-based methods

Vi = Var(fi(P;)) = Var(E(f(P)|F;)) }

Contribution to peak of
infection is dominated
by recovery rate

43 — —BSI
dt
_ . 4 - 1
Vi= 22 f(B)i(f(A%R); — f(4);)) - o111
at Y
Use the sobolSalt function in the R package “ni
sensitivity with f(P)= infection peak for the oo
SIR model!
Download the AIDM2.R script from the webpage!

| & | e
Swiss TPH model




o | AIDM=Q2.R
Global sensitivity analysis ﬁ

Variance-based methods

due to the infectious

first-order Sobol index

{Virulence = mortality

0.251

virulence (death from disease)!

disease
Use the sobolSalt function in the R package ds _ 551\(
sensitivity with f(P)= infection peak for the §'* a _ BST — ~I —3I
| o
mOdeI 5075- parameter % - ")’I
io_so- 1 beta
Adapt the AIDM_02.R script for an SIR model with £ B

0.004

SIR
model

Swiss TPH &




Global sensitivity analysis

Variance-based methods

Use the sobolSalt function in the R package
sensitivity with f(P)= endemic equilibrium for
the malaria model!

Adapt the script in AIDM_02.R!

Swiss TPH &




ALDM=Q2.R
Sensitivity vs. Uncertainty R

Forward-propagation of uncertainty

e Parameters usually carry uncertainty, i.e. the numeric value for simulation is drawn randomly
from probability distribution

e Assume that the biting rate alpha_1 follows a Gamma probability distribution with shape=5,
scale=0.05 and simulate 500 trajectories:

12

alphal 500<-rgamma (n=500, shape=5,scale=0.05)

10

How uncertain is the prevalence at the endemic
equilibrium given parameter uncertainty? ..

Swiss TPH & | | | | |




ALDM=0Q2.R
Forward-propagation of uncertainty

How uncertain is the prevalence at the endemic equilibrium of our malaria model given
parameter uncertainty?

e \Write a function

alpha_1

runRM<-function (alphal) {...

12

resultsSprevalence<-resultsSI/H

10

return (results) } o

e Use lapply(alphal 500, runRM) inR "]
e See the AIDM2.R script from the webpage! B

Swiss TPH & | | | | |




AIDM=02.R
Forward-propagation of uncertainty

e Islapply(alphal 500, runRM)in R too slow?
e Parallelize!

library (foreach)
library (doParallel) Tasks =
n cores <- detectCores() ’.” .Tasks
cluster <- makeCluster (n cores - 1) » |
registerDoParallel (cluster) _5 ——F—+——+— .
. . a1 1 1 |
n iterations <- length (alphal) 'é’____ | o
results <= 1list () [ I I = c
. . . c e
results <- foreach(i1 = 1:n i1iterations) ) —— -_—
results[i] <- runRM(alphall[i]) | A | —
s o
} |cpu HCPUMCPU Hcpu} —
stopCluster (cl = cluster) l
for(i in 1l:n iterations) { Parallel computing

a Serial computing

results[[i]]$alphal<-alphal[i]
results[[i]]S$Siter<-i

} \

results<-bind rows (results)




Forward-propagation of uncertainty

751

50 1

prevalence rate (%)

251

0 500 1000 1500

time (days)
Swiss TPH &
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alpha1

parameter uncertainty

0.2




Forward-propagation of uncertainty

751

prevalence rate (%)

251

50 1

0 500 1000 1500
time (days)

Swiss TPH &

prevalence uncertainty

alpha1

parameter uncertainty

0.2

prevalence at EE

Frequency
50 100 150
|

[ I I I I I
04 05 06 0.7 08 0.9

0
L




Key takeaway points:

e sensitivity analysis is an important step in the design of a model, it
allows to understand the input-to-output relationship and interactions

e gradient-based sensitivity analysis considers small variations in
parameter space

e global sensitivity analysis considers the relationship between variance of
Inputs and outputs

e forward propagation of uncertainty is important to illustrate the effect of

parameter uncertainty on performance indicators of disease models
Swiss TPH - ‘ 212
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4 - Curve fitting




Influenza outbreak in a boarding school

date in bed | convalescent | total _ _
1078.01.22 3 0 63 Main assumptions
1978-01-23 8 0 763 e time series of symptomatic cases
1978-01-24 6 0 763 and convalescent hosts
1978-01-25 76 O 763 e closed popu|ation
1978-01-26 | 225 9 763 |
1978-01-27 | 298 17 763 | ¢ well-mixed
ig;ggi-gg ;gg igg ;22 e immunity upon recovery

Swiss TPH g




AIDM=03.R

Visualize the data R

e Iinstall the R package outbreaks
e visualize with ggplot2 the data frame influenza england 1978 as points

Swiss TPH &




ATIDM=mO3.R
Visualize the data R

e install the R package outbreaks
e visualize with ggplot2 the data frame influenza _england 1978 as points

library (outbreaks)
##add time column to data from outbreaks package
influenza england 1978 school<-influenza england 1978 school%>%
mutate (time=row number (),
total=763)

##plot the data
ggplot (influenza england 1978 school)+
geom point (aes (x=date,y=1in bed))

| date
Swiss TPH g |




AIDM=03.R
Visualize the data

e solve the ODE system with deSolve in Rwith 8= 1.1and 7= 0.5

e plot the solution curve on top of the data points das
dt
dI
@~ P ol

dR
S T
a !

— S
= —BIS

Swiss TPH &




ALDM=03.R

Visualize the data

e solve the ODE system with deSolve in Rwith S =1.1and 7= 0.5

e plot the solution curve on top of the data points dS 818
N
SIR.model<-function (time, state,parms) { (1t
with (as.list (c(state,parms)), { CL[ S
beta=parms[1]; gamma=parms[2]; :EZ"—‘Zalljf _"’71—
S=state[l]; I=state[2];R=state[3];N=S+I+R
dS= - beta*I*S/N (112
dI= beta*I*S/N - gamma*I — T ’YI
dR= gamma*T dt
return(list (c(dS,dI,dR)))
})
}

time.points<-seq(0,nrow(influenza england 1978 school),0.01)
initial.condition<-c(S=762,I=1,R=0)
parameters<-c (beta=1.1,gamma=0.5)

as.data.frame (ode(initial.condition, time.points, SIR.model, parameters))->solution SIR

##lets plot the model output on top of the data

ggplot (merge (solution SIR, influenza england 1978 school))+
geom line (aes (x=time,y=I),color="darkgreen")+
geom point (aes (x=time,y=in bed))




AIDM=03.R
Visualize the data

e solve the ODE system with deSolve in Rwith S =1.1and 7= 0.5

e plot the solution curve on top of the data points ds 8IS
. FPEN
SIR.model<-function (time, state,parms) { (1t
with(as.list (c(state,parms)), { ﬂ — [_}Ié . ’V[

beta=parms[1]; gamma=parms[2];
S=state[l]; I=state[2];R=state[3];N=S+I+R
dS= - beta*I*S/N
dI= beta*I*S/N - gamma*I
dR= gamma*I
return(list (c(dS,dI,dR)))

})

}

time.points<-seq(0,nrow(influenza england 1978 school),0.01)
initial.condition<-c(S=762,I=1,R=0)
parameters<-c (beta=1.1,gamma=0.5)

as.data.frame (ode (initial.condition, time.points, SIR.model, parameters) ) ->soluf

##lets plot the model output on top of the data

ggplot (merge (solution SIR, influenza england 1978 school))+
geom line (aes (x=time,y=I),color="darkgreen")+
geom point (aes (x=time,y=in bed))




Fitting the curve

Define error function between model output and data

300 -

error(f3,7y) = Ziil 1I(¢,B,7) —d(t)|? @

200 -+

error(B, ): 1 w|I(t, B,7) — d(t)]? 100-

Zt 1 o ‘,‘JJ/
/
weighted error: certain time points in the 0-

data are more important (e.g. exponential increase)o 5
Swiss TPH

10
time

15

20




Fitting the curve

Define error function between model output and data

300 -

error(f3,7y) = Ziil I(t,B,v) —d(t)|?

200

?

Data for given time

It

Model output for given
time and parameter

error ([, ) =S wi|I(t, B,7) — d(t)|> 100-
Zt 1 Wt —

i

weighted error: certain time points in the 0-
data are more important (e.g. exponential increase)o 5
Swiss TPH
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Fitting the curve

Minimizing the error

® error function depends on model parameters
® “pest” parameters are those for which error is minimal

~ 1000000
750000
500000

250000

300 +

200+

100 -




Fitting the curve

Optimizing with Gauss-Newton

® residual T = d() (7:8)
® |east square is loss function §: B +— Z
® Gauss Newton gradient equation:

=23 = 23, 2 =0
® Taylor expansion at ﬁ’“

1(i, ) = 1(i, 8*) + 2 (5 — g¥)

zlz

e plug this into gradient equation, solve for B3 to obtain 1

Swiss TPH &




Fitting the curve

Optimizing with Gauss-Newton

® residual T = d() (7:5)
® |east square is loss function §: B +— Z
® Gauss Newton gradient equation:

=23 = 23, 2 =0
° Taylor expansion at ﬁk Gauss-Newton will give

I(i,B) = I(i, B%) 4 OI(i ,ﬁ)(ﬁ k) you only a local minimum!

zlz

® plug this into gradient equation, solve for 3 to obtain Bk“

Swiss TPH &




Fitting the curve

Optimizing with Gauss-Newton

S ri(ﬂ)ﬂ(ﬂ) — local minimum condition

k=0w.lo.g. picka startvalue 5o

I(i, B) = I(i, B*) + 2%20 (8 — )

> {di— (1B + ZBo)(B- po) } (B =0  J=

JTIB = JTJBy — I Tri(Bo)

B= ,30 — (JTT)1TTri(Bo)

B1 = iterate until gradient is
Swiss TPH & very close to zero




ALDM=03.R

Fitting the curve

Optimizing with Gauss-Newton in R

® use the function optim in the R package stats

® Duild a residual sum of squares function by running he ODE model and
comparing its output to the data

##residual sum of squares
rss<-function (parameters) {
time.points<-seqg(0,20,0.1);
initial.condition<-c (S=762,I=1,R=0)
ode (initial.condition,time.points,SIR.model, parameters) $>%
as.data.frame->solution SIR

solution SIR<-merge (solution SIR,influenza england 1978 school)
RSS<-sum( (solution SIRSI-solution SIRSin bed) "2)
return (RSS)

}




AIDM=03.R
Fitting the curve R

Optimizing with Gauss-Newton in R

® assume 5 and 7Y are bounded between 0 and 2

] ] starting value bound
® pick your favourite start value for 8 and 7Y

® use the optim function with the “L-BFGS-B” method and provide par, lower
and upper arguments

quasi-Newton method using also Hessian
bound

##optimize residual sum of squares over parameter space
start<-c (1.2, 0.4)#initial wvalue

##run newton method for optimization
opt.param <- optim(par=start,rss,method = "L-BFGS-B", lower = c(2,2),hessian
=TRUE, control = list (parscale = c¢(107-4,10"-4), factr=1)) Spar

Swiss TPH &




ALDM=03.R

Fitting the curve

##let's simulate the optimal solution
ode (1nitial.condition, time.points, SIR.model, opt.param) $>%
as.data.frame->solution SIR optim

f#lets plot the model output on top of the data

ggplot (merge (solution SIR optim,influenza england 1978 school))+
geom line (aes(x=time,y=I),color="darkgreen'")+
geom polnt (aes (x=time, y=1n bed))

Swiss TPH g




AIDM=03.R
Fitting the curve

##let's simulate the optimal solution
ode (1nitial.condition, time.points, SIR.model, opt.param) $>%
as.data.frame->solution SIR optim

##lets plot the model output on top o

ggplot (merge (solution SIR optim,influ
geom line (aes(x=time,y=I),color="da
geom polnt (aes (x=time, y=1n bed))

Swiss TPH 51 time




Is fitting the curve sufficient for the model to be informative?

Possible iIssues:

e influenza incubation period, spatial structure of school: model
misspecification

e prior knowledge about clearance rate: narrow down bounds
e data recording has measurement errors: need statistical estimator
e uncertainty of parameters : credible intervals

e optimal solution not unique : identifiability

Swiss TPH g




What is a good model?

Parsimony: explain data with model with as few as possible parameters

e QOccam'’s razor:
"It is futile to do with more things that which can be done with fewer.”

CORE PRINCIPLES IN RESEARCH 8
;
¢
%

OCCAM'S RAZOR OCCAM'S PROFESSOR

"WHEN FACED WITH TWO POSSEBLE "WHEN FACED WITH TWO POSSIBLE WAYS OF
EXPLANATIONS, THE SIMPLER OF DOoiNG SOMETHING, THE MORE COMPLICATED
THE TWO 1S THE ONE MOST ONE 1S THE ONE YOUR PROFESSOR WILL
LKELY TO BE TRULE." MOST LIKELY ASK You To Do.”

WWW. PHDCOMICS.COM

e which model should we prefer?
e model selection with Akaike Information Criterion (AIC):

AIC = number of parameters — log maximum likelihood

° mod@with smaller AIC is the better model
Swiss TPH




What is a good model?

add an exposed but not yet infectious compartment E to the SIR model
write ¢ for the inverse incubation period (the rate from E to | )

find minimal residual sum of squares solution for parameters «, 3,y
w.r.t. influenza data

would you recommend Occam to rather use the SEIR model?

,o

?-”
= \
A

\

t-a} \\

f Y

_.__-—

\
Swiss TPH g William of Ocqam XIVth century




AIDM=03.R

What is a good model? R
300 - :
AIC for SIR
200 - model 2-log(rss(opt.param) )=-6.3
- e 3-1log(rssl (opt.paraml)=-5.3
100 - = ol
AlIC for SEIR
0-
0 5 10
time | would choose the SIR model, it

the additional parameter for SEIR
does not justify the marginal
decrease in error!

. I
: 4 \ i
Swiss TPH & William of Occ{am, XIVth century




Fitting the curve for the Ross-McDonald model

parameter description value unit
gamma reciprocal of untreated infection duration | 1/285 | 1/day
alpha_1 biting rate within gonotrophic cycle 0.5 1/day
alpha_2 probability of transmission to humans ? 1
delta mosquito mortality rate 0.13 1/day
mu per capita mosquito birth rate 0.13 1/day
beta probability of transmission to ? 1

mosquitoes

prevalence at endemic equilibrium=0.35
alpha_2="7?

beta="?

Swiss TPH &

recovery ’Y

susceptible — infectious
humans S humans |
E——
/8 transmission from humans Y transmission from mosquitoes to
to mosquitoes / humans o
dgeath & B susceptible e infectious
osquitoes U mosquitoes V
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Fitting the curve for the Ross-McDonald model

parameter description value unit

gamma reciprocal of untreated infection duration | 1/285 | 1/day

alpha_1 biting rate within gonotrophic cycle 0.5 1/day

alpha_2 probability of transmission to humans ? 1

delta mosquito mortality rate 0.13 1/day recovery ’Y

mu per capita mosquito birth rate 0.13 1/day susceptible — infectious

beta probability of transmission to ? 1 humans S humans |
mosquitoes —

/B transrr;ic;c,?ri]%nsérlj)ig:sumans x transmissionhlzsnrgnrzosquitoes(t;
prevalence at endemic equilibrium=0.35 death & B susceptible = infectious
alpha_ 2=7? P— osquitoes U mosquitoes V
beta=?

Use optim in R and find “best” values o 4
./for alpha_ 2 & beta! ‘




Fitting the curve for the Ross-McDonald model AIDMRM R

parameter description value unit
gamma reciprocal of untreated infection duration | 1/285 | 1/day

alpha_1 biting rate within gonotrophic cycle 0.5 1/day

alpha_2 probability of transmission to humans ? 1

« H=5000, I0=1,; V0=8; VectorHumanRatio=b; finalT=8*365
X0 <-c(S=H-I0,I=I0,U=H*VectorHumanRatio-V0,V=VO0)

' time.points<-seqg (0, finalT, 1)

RSS.RM<-function (parameters) {
parms<-c (alpha=0.5*parameters[1l], gamma=1/285,beta=parameters([2],

mu=0.13,delta=0.13)

return(rss)

J




Fitting the curve for the Ross-McDonald model

parameter description value unit
gamma reciprocal of untreated infection duration | 1/285 | 1/day
alpha_1 biting rate within gonotrophic cycle 0.5 1/day
alpha_2 probability of transmission to humans ? 1
delta mosquito mortality rate 0.13 1/day
mu per capita mosquito birth rate 0.13 1/day
beta probability of transmission to ? 1
mosquitoes

prevalence at endemic equilibrium=0.35
alpha_2="7?

beta="?

AIDM=04.R

R

=
w
|

prevalence
o
N

Q
—
1

O
o
1

SWISS TPH =2

alpha 2=0.001697, beta=0.2999

1000

2000 3000
time

| v



Key takeaway points:

curve fitting assumes that observations are without measurement error, and that
consecutive observations are independent

use optimization to identify optimal parameter sets such that the residual error
between observations and model outputs minimal

parsimony is an epistemological method: “of two competing theories, the simpler
one is preferred”

parsimony is quantified by information criteria: how much better is the data
explained by a model if we add additional parameters to it?

Swiss TPH S | 238
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5 - Statistical inference




Three paradigms of statistical inference

-~

\_

~

the model is fixed,
the data is random

frequentist

Swiss TPH &
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the data is fixed

~

the model is random,

/

Bayesian




Data Data

¥ ¥

Three paradigms of statistical inference
Model Model

Model
Data )
Data Data Model NModel

Data Data Data Model Model Model

frequentist Bayesian likelihoodist
Can we reproduce Given the data, what is Measure evidence
data by sampling from the most plausible from data by likelihood
statistical population for probability distribution function!
a given model of model parameters?
parameter?

Swiss TPH g‘




Three paradigms of statistical inference

Model NModel
Model NModel
Data Data Data Model Model Model

Model Data Data
Data )
Data Data

frequentist Bayesian likelihoodist
Can we reproduce Given the data, what is Measure evidence
data by sampling from the most plausible from data by likelihood
statistical population for probability distribution function!
a given model of model parameters?
parameter?

Swiss TPH g hypothesis testing posterior distribution maximum /ike/ﬂ'hood




Three paradigms of statistical inference

NModel

¥

Data
Data Data
Data Data Data

frequentist

Can we reproduce
data by sampling from
statistical population for

a given model
parameter?

cwics o L YPOtHESIS testing

parameter inference for
disease transmission models

/ Data
¥

Model
Model Model

Model Model Model

Bayesian

Given the data, what is
the most plausible
probability distribution
of model parameters?

posterior distribution

Data \
¥

Model

likelihoodist

Measure evidence
from data by likelihood
function!

maximum /ike/{hood




Maximum likelihood

data is considered random sample from unknown statistical population

maximum likelihood: find probability distributions which is most likely to generate such
samples

parameterized distribution fo(.) for @in parameter space ®

observed data sample X ¢ R¢: likelihood L : 60— fo(X)

goal: find 6(X) = argmax,L(6)

A

6 maximum likelihood estimator which is random variable §: R¢ — @

Swiss TPH g




Maximum likelihood

e likelihood is often log-transformed

¢ =loglL
S 5.
ot o
e solve %:0 2
©

Jikid
06?

e check whether Hessian is negative definite, concave

0 2 - 6 8

parameter value

— |ikelihood
- |og_likelihood

Swiss TPH &




Maximum likelihood

Given data, what is the
evidence that our model

e likelihood is often log-transformed evaluated for this particular

parameter to be the good one? —
¢ =loglL
3
ve O 521 [
V e C—
e solve 2 — <
> ,.
e check whether Hessian g—;ﬁ is negative definite, concave
o

parameter value

— |ikelihood
- |og_likelihood

Swiss TPH &




Maximum likelihood

likelihood is often log-transformed

¢ =loglL
8 .
solve 9¢ _ é
90 S
0] e
check whether Hessian g—;ﬁ is negative definite, concave

0 2 - 6 8

When does minimizing the residual sum of squares parameter value

correspond to maximum likelihood? ——
— likelihood

- |og_likelihood

Swiss TPH &




Maximum likelihood

likelihood is often log-transformed
0 =r—F+—"F—=
¢ =loglL
S
ve O 5
solve <2t _—
o5 = 2
o
—4 =
. 2 . . ..
check whether Hessian -ng is negative definite, concave
0 2 4 6 8
When does minimizing the residual sum of squares parameter value
correspond to maximum likelihood? e
— likelihood
fo() - |og_likelihood

Swiss TPH &




Maximum log-likelihood estimator
e maximum log likelihood estimator 6 depends on sample of size d
e consistent estimator:

with more samples, estimator converges towards true value:

Ve > 0 : limg_,0o P(|04 — 6| > €) =0
Fisher information

o efficient estimator: Var(8(X)) as small as possible

e Cramér-Rao bound: Var(4(X)) > [—d]E (%(9 X|9))] _

- ) e
e curvature: Var (%log f5) = —]Ewlog fo o \
%
2 4 6 8

Swiss TPH & 0




Maximum log-likelihood estimator

e maximum log likelihood estimator 6 depends on sample of size d
e consistent estimator:

with more samples, estimator converges towards true value:

Ve > 0 : limg_,0o P(|04 — 6| > €) =0
Fisher information

o efficient estimator: Var(8(X)) as small as possible

A 92 —1
e Cramér-Rao bound: Var(6(X)) > [—d]E (%(9,)“9))]

e curvature: Var ilo — _]E_lo “variance of the score is the curvature of
( 00 ) f ) 00? g f 0 the log-likelihood function”
Swiss TPH g




Maximum log-likelihood estimator - example

e (Gaussian likelihood with parameter 6

f(z,0) = —=exp (—M) o fixed

oV 2w 202

e observations: X 1=7, X 2=8

e calculate maximum likelihood estimator @

Swiss TPH &




Maximum log-likelihood estimator - example

e (Gaussian likelihood with parameter 6

f(z,0) = —=exp (—M) o fixed

oV 2w 202

e oObservations: X 1=7, X 2=8
e calculate maximum likelihood estimator § based on the observation

0 <7180 - S (-5) e (-45)

£(6) = 2log (a 1%) SO G s 1 (748-2) =
§— 18

Swiss TPH g i ‘




Maximum log-likelihood estimator - example

e (Gaussian likelihood with parameter 6

f(z,0) = —=exp (—M) o fixed

oV 2w 202

e observations: X 1=7, X 2=8
maximum log-likelihood estimator

e calculate maximum likelihood estimator  based on the yation
7—0)? 8—0)2
fol(7,8)) = P(7,8]6) = —L—exp (- 28 ) x L 5 (-E2)
7—0)? 8—0)2
5(0):2log(0127r)_(%7)_(m7) a_g _-2%(74_8_20):
 — 78

Swiss TPH g i ‘




Variance-bias trade-off for estimators

Low Variance High Variance

Low Bias blaS EX,9(é — 9)
Var(4) = Ex (0 — Ex4(6))?

samples from estimator

High Bias

true parameter value




Variance-bias trade-off for estimators

Low Variance High Variance
[
Low Bias ®
o
&

Error

High Bias

Underfitting X Balanced

Overfitting

Optimum Model Complexity

Total Error

Variance

Model Complexity




Maximum log-likelihood for prevalence ds

— _BIL
dt Pl
Let’s go back to our SIR model dI = BIS — I
observations of hosts in bed d R
XZ[Xl,...,X14] E:'YI

0= (8,7) model parameters
I1(1,6),...,1(14,6)

numerical solutions
for given parameter

Swiss TPH &




Maximum log-likelihood for prevalence ds

= — _BIL
dt Pl
Let’s go back to our SIR model ar _ BIS — T
dt N
observations of hosts in bed dR
XZ[Xl,...,X14] E:'YI

0= (8,7) model parameters
I1(1,6),...,1(14,6)

14 1(i,6) Xi I(3,0) N-=X;
fo(X) = 235 ()JZ) (T) (1 N T) numerical solutions

for given parameter

R AIDM 04.R

Use optim in R to find maximum likelihood estimator for this particular data!

Swiss TPH & ‘

binomial likelihood function
with N=763




Maximum log-likelihood for prevalence

####1log likelihood for prevalence in SIR model
loglikelihood binom <- function (parameters =c (beta =1

.1,gamma=1/3)) {
## simulate prevalence , per time point

, calculate binomial log likelihood

as.data.frame (ode (initial.condition, time.points, SIR.model, parameters))->solution SIR
merge (solution SIR,

influenza england 1978 school) $>%
mutate (beta=parameters[1l],gamma=parameters|[2]) $>%
mutate (loglikelihood=dbinom|(in bed), size=763, prob=

summarize (loglikelihood=sum(loglikelihood) ) ->df
return (df$loglikelihood)

Swiss TPH g




300 A °

Maximum log-likelihood for prevalence

200 A

fG(X):Z;_lil ()JX)(I(;'\}Q))X,- /1_M)N_Xi )

N
\ 100 1

####1log likelihood for prevalence in SIR model
loglikelihood binom <- function (parameters =c (beta =1.
## simulate prevalence , per time point , calculate

as.data.frame (ode (initial.condition, time.points, SIR.model, parameters))->solution SIR
merge (solution SIR,

influenza england 1978 school) $>%
mutate (beta=parameters[1l],gamma=parameters[2]) >
mutate (loglikelihood=dbinom|(in bed), size=763, prob=
summarize (loglikelihood=sum(loglikelihood) ) ->df
return (df$loglikelihood)

Swiss TPH g




Bayesian inference system

sensor data

'

data preparation

physical
perception
decision

Swiss TPH >

X
e

Bayesian
update

A

likelihood |

A

|model outputs

A

| prior § |

belief
threshold

No

update
with

posterior

yes = | decision making |




parameter after having

seen the data

knowledge about the
seen the data

knowledge about the
BayeSian u pd at| ng parameter before having

-~ ~ prior posterior
the model is random, ¢  F(?) y P(6]X)
/ the data is fixed X P(X10)
\ - / likelihood

P(8]X) > P(6)

data evidence increase our
belief in parameter hypothesis

Swiss TPH >* ‘




knowledge about the knowledge about the

' ' parameter before having parameter after having
Bayesian updating reter before f meter after
prior posterior
the model is random, ¢ F(0) y, P(6] X)
the data is fixed X P(X10)
likelihood
N
Bayesian theorem

: P(6|X) = 5 P(X|0)P(6) = CP(XIO)IP’(HJ)

marginal likelihood
— f]P(X‘H)IP’(H)dH integration might

be costly!

Swiss TPH >*




Uncertainty from Bayesian posterior: credible intervals

» lower and upper bound such that posterior probability that unknown parameter falls
within is X = 95, 90, 89, 75%

» depends on prior, not unique...
» highest density: region such that density function is highest with probability X%

» equal-tailed: e.g. 75% Cl: 12.5th and 87.5th percentile, transformation invariant

8%

Probability density

Swiss TPH & Value of the parameter




Uncertainty from Bayesian posterior: credible intervals

» lower and upper bound such that posterior probability that unknown parameter falls
within is X = 95, 90, 89, 75%

» depends on prior, not unique...
» highest density: region such that density function is highest with probability X%

» equal-tailed: e.g. 75% Cl: 12.5th and 87.5th percentile, transformation invariant

!

0.20

0.10

0.0
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Law of large numbers

» Given independent, identically distributed random variables X,

Swiss TPH &

1
lim — Xi = E(X
dl—>mood§i: ( 1)
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Law of large numbers

» Given independent, identically distributed random variables Xi, ... Xy, then

> weak law: convergence in probability; limg_eo P(|3 Y, Xi — E(X1)| < €) =
» strong law: almost sure convergence
» Proof: assume finite variance, we know E(3 >°. X;) = E(X1) and

Var( > ) = d2 > Var(X;)
Chebyshev's inequality P(|X — E(X)| > €) < VaZ—gX) used for X = = 3" X;:




Monte Carlo integration

» Bayesian posterior: need to calculate integral for marginal likelihood function:

() = P(X[0)P(6)

1

» numeric integration: difficult in higher dimensions 0.5}
» Monte Carlo: sample function values randomly: f(w;) or
. 0.5
» Monte Carlo estimator: N
1
//\/ = _I%I_ Z f(w,) - : :
=t fwi) = 1p<1(wi)
» strong Law of Large Numbers: Imy oo Iy =7

limN_mo IN — f f(0)d9, a.s.




Monte Carlo integration

» Bayesian posterior: need to calculate integral for marginal likelihood function:

() = P(X[0)P(6)

1

» numeric integration: difficult in higher dimensions 0.5}
» Monte Car  Monte Carlo estimator 4y £(.,) of
depends on prior P(6)
» Monte Carlo estimator: N oo
In = —,1\—, Z f(wi) 05 0 05 i
= f(wi) = 1jg)<1(ws)
» strong Law of Large Numbers: Imy oo Iy =7

limN_mo IN — f f(9)d9, a.s.




Monte Carlo integration

» Bayesian posterior: need to calculate integral for marginal likelihood function:

() = P(X[0)P(6)

1

» numeric integration: difficult in higher dimensions 0.5}
» Monte Car Monte Carlo estimator ). Fw;) ol
depends on prior P(6)
» Monte Carlo estimator: . 0.5F
In = 7{7 Z f(wi) . . |
flwi) = 1ajar (i)

» strong Law of Large  Monte Carlo estimator is
independent from dimension
or parameter space l. 8.

limN_m IN — T




Monte Carlo integration: variance and error

> sample variance Var(f) = o= > (f(wi) — In)? = o3,

> sample variance of integral: Var(ly) = 103,
» if {05} bounded, then convergence: Law of Large Numbers

» Central Limit Theorem:

roba
In— ff(@)d@ P N(O 1)

\/ox/N

> Monte Carlo error estimate: Iy £1.96,/0%, /N
Swiss TPH >




Monte Carlo integration: variance and error

variance of Monte Carlo

> | . Var(f) = -1 S~ (F(wi) — | integral decrease with
sanple Yariange Ve = g b5t ) — g Increasing sample size

» sample variance of integral: Var(/y) = N ey

» if {05} bounded, then convergence: Law of Large Numbers

» Central Limit Theorem:

roba
In— ff(O)dO P N(O 1)

\/ox/N

> Monte Carlo error estimate: Iy £1.96,/0%, /N
Swiss TPH >




Monte Carlo integration: variance and error

> sample variance Var(f) = o= > (f(wi) — In)? = o3,

> sample variance of integral: Var(ly) = 103,

» if {05} bounded, then convergence: Law of Large Numbers

» Central Limit Theorem:

In order to decrease Monte Carlo error by
factor 10, you need to increase sample
number by factor 100!

> Monte Carlo error estimate: Iy £1.96,/0%, /N
Swiss TPH >




Monte Carlo integration: example

1

e sample randomly N points in the square

e calculate the fraction of points that fall within the circle

Area of circle e

T
tio = —.. = —
® usé Ratio Area of square  4r%2 4

e calculate area of circle by multiplying fraction of points
within circle by 4

| R Implement in R!

AIDM 05.R

Swiss TPH &




Monte Carlo integration: example for marginal likelihood

e sample N points uniformly distributed in the interval [1.2,2] for beta and [0.2,0.6] for
gamma

e calculate Monte Carlo estimator for marginal likelihood of the SIR model with

0) = P(X|0)P(6
. ues 8= (B 7(6) = B(X|0)B(6)

posterior

distribution P(0]X) = 55 P(X|0)P(6) 051

posterior probability distribution

um log
od estimator . proba

| Monte Carlo integral é“' - S 0003
Implement in R! | e

AIDM 05.R il A

02 ' | |
Swiss TPH & 1.2 1.4 16 1.8




Monte Carlo integration: importance sampling

Importance sampling uses proposal distribution g to sample more important parameter
regions more often

[ £(6)d6 = [P(X|0)P(6)d60 = [P(X|6)—qq(6)d0

importance weight sampling probability

JLLL.LLLJPL

target distribution = .Un!forr.n ImPOrtE.lnCe
prior distribution sampling

Swiss TPH A




Monte Carlo integration: importance sampling

Importance sampling uses proposal distribution g to sample more important parameter
regions more often

posterior probability distribution

Implement in R with truncated
normal distribution as proposal!

AIDM 05.R

proba

0.003

I 0.002

maximum log
likelihood estimator

beta
Swiss TPH &




Monte Carlo integration: sampling importance resampling

1.Sampling (Importance Sampling): draw samples from
proposal distribution. Wiyeooy WN ~ @

2. Weights: proportional to how likely sample is under the

. . . P(w;
target distribution W; = %
o . . q(wi
® ® ®
®
- 3. Resampling: resample with replacement using the
[ ) . A A~ Wi
< weights wl,...,wkw{wl,...,wN} W; = DAA

[ £(6)do = [P(X|0)P(6)d0

Use samples from resampling step to calculate Monte
& Carlo integral estimator!
Swiss TPH




Monte Carlo integration: sampling importance resampling

posterior probability distribution

Swiss T
S

1.Sampling (Importance Sampling): draw samples from
proposal distribution. Wiyeooy WN ~ @
2. Weights: proportional to how likely sample is under the
. . . ]P’ i
@ target distribution Wi — M
q(wi)

beta

1.8

3. Resampling: resample with replacement using the

O

W1,y W~ {ws, .ot Wi=

RS AIDM 05.R

Implement in R with truncated
normal distribution as proposal
and resample 50 times!



Key takeaway points:

paradigms of inference distinguish whether model parameter is fixed, and data
random, or parameter random and data fixed

maximum log likelihood approach is an alternative to curve fitting, taking also into
consideration parameter uncertainty

Bayesian inference allows to improve prior knowledge on parameters by comparing
model outputs with data

Monte Carlo integration is a (not always) efficient way to calculate
high-dimensional integrals for Bayesian posterior
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How antimalarial combination therapy works

Rapid Parasite Clearance (Artemisinin Component) Figure 1. Evolution of parasite biomass in the body following ACT administration

* The artemisinin derivative (e.g., artesunate, artemether, indered | itusratve
or dihydroartemisinin) acts quickly, significantly
reducing the parasite load within the first 24-48 hours.

o Artemisinin acts by rapidly
reducing the parasite biomass

e Partner drug eliminates
remaining parasites

Sustained Killing Effect (Partner Drug)

« Since artemisinin clears most but not all parasites,
a longer-acting partner drug (e.g., lumefantrine,
amodiaquine, mefloquine, piperaquine) eliminates the

remaining parasites over several days. e =
« The partner drug has a longer half-life, preventing

reinfection and reducing the risk of recrudescence T RSN SISO SIS

(treatment failure due to surViVing paraSites)- https://www.mmyv.org/malaria/symptoms-and-treatments/about-arte

misinin-and-ACTs
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https://www.mmv.org/malaria/symptoms-and-treatments/about-artemisinin-and-ACTs
https://www.mmv.org/malaria/symptoms-and-treatments/about-artemisinin-and-ACTs

Different levels of antimalarial resistance are present in a population

» Over time, parasites naturally undergo mutations which allow them to evolve and, under

right conditions (selective pressure), they evade the effects of antimalarial treatments,
making them less effective.

 Antimalarial resistance is when malaria parasites (like Plasmodium falciparum) no longer
respond effectively to antimalarial drugs that previously worked to treat the infection.

L g

R—

Clearance half life (71,2P)(hrs)
o
2
"
o
§ o
| “
] 4
& O A
|
.
I
i
bl |
1

Delay in parasite
» Clearance across
parasite genotypes

w
wr | SEEEe c cchw o o
S | 10
0
| 3
&P ©
| ;
N . vome
|

Z3993E2528R Y8835, 823E23%
8 - 3 - NN o~ 8 ~ '; - 4 3 P~
2L R R R AR Y
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https://academic.oup.com/mbe/article/34/1/131/2680802



https://academic.oup.com/mbe/article/34/1/131/2680802

What drives the spread of antimalarial resistance in a population?

Drug pressure: treating infections kills sensitive
parasites but allows resistant ones to survive and
multiply.

Fitness cost/advantage: in the absence of drugs,
resistant parasites may spread more slowly (or even
be outcompeted)

Transmission dynamics: infected humans pass
parasites to mosquitoes, which infect other humans

Human movement & mosquito migration: Spread
of resistant parasites geographically
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What drives the spread of antimalarial resistance in a population?

Drug pressure: treating infections kills sensitive
parasites but allows resistant ones to survive and
multiply

Fitness cost/advantage: in the absence of drugs,
resistant parasites may spread more slowly (or even
be outcompeted)

Transmission dynamics: infected humans pass
parasites to mosquitoes, which infect other humans

Human movement & mosquito migration: Spread
of resistant parasites geographically
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Integrating malaria transmission dynamics with parasite genetics

Malaria transmission
dynamics models
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Malaria transmission dynamics model

A malaria transmission model is a mathematical framework used to simulate and

analyze how malaria spreads in a population. ~
Infectious
humans |

recovery
o ® Susceptible G
o & ﬂ humans S —
) Y
transmission from / transmission from
o
i /
A\
)
[G—

@ humans to mosquitoes mosquitoes to humans

s T : a
Infectious
mosquitoes V

rth
\} death #’ l death

birth 5
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Malaria transmission dynamics model

Model equations:
[ dS (t) = V(t)

B (t) = —a YW 5(t) + 4I(t) Y
4 (t) = alS(t) — yI(t) Susceptible ——
L ()= ~BLLU() + uM — U () e humans |
V()= pLlUt) - oV (t)

transmission from

/ transmission from
humans to mosquitoes

mosquitoes to humans
(87
St and death rat | Susceptible Infectious
i I an eatln rates are equai: . .
mosquitoes U mosquitoes V
p=29 bi
» Constant human population size \}

rth
death #’ death
Swiss TPH & l’l’

Assumptions:

» Constant mosquito population size: IB
M =U(0)+ V(0)

1L gl




Malaria transmission dynamics model with treatment

Swiss TPH &

Treated
recovery humans T

84
/YI I treatment T
recovery
Susceptible Infectious
humans S humans |

, transmission from
mosquitoes to humans

87
Infectious
mosquitoes V

rth
\} death #’ l death

transmission from
humans to mosquitoes

p

Susceptible
mosquitoes U

LI gl

birth 5

L4




Malaria transmission dynamics model with treatment

—

o= —aSE + 1L + yrT recovery humans T
ﬂ - QSK . Itreatment e
dt H recovery

Ja_ . Susceptible ==
a T humans S —)
dU I
ar _5UE +uU+V)=0U  transmission from 4 transmission from
qV 7 humans to mosquitoes / mosquitoes to humans
— = pU— =4OV /8

L dt H

Assumptions: )
- Constant mosquito population size: Susceptible I

» Birth and death rates are equal:

p=2~a | \} death /1' l death

» Constant human population size birth 5

H = S(0) + I(0) 2




Different levels of antimalarial resistance are present in a population

* Over time, parasites naturally undergo mutations which allow them to evolve and, under
right conditions (selective pressure), they evade the effects of antimalarial treatments,
making them less effective.

e Antimalarial resistance is when malaria parasites (like Plasmodium falciparum) no longer
respond effectively to antimalarial drugs that previously worked to treat the infection.

' Sensitive Moderate . Fully

? resistant - resistant
£ 9 » : - >
Q
3 118 s Varying drug
2 ;_-E—-—-'- failure rates
= 818 2 L 2 .Y i ¢ 4 .
= % - y 2 across parasite
s 8.8 1 genotypes
&
2 Q-
o g Delay in parasite
,. Clearance across
SHHHHE T T Bt
TSIz B8B83
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Malaria transmission dynamics model with treatment
and parasite genotype structure (treatment failure)

Treated
Humans are infected with tremtment ‘ humans T(X)
/)/I

parasites with different
genotypes at frequencies.fx e I treatment 7"

(different levels of treatment recovery
failure) — infected humans I(X) Susceptible N Infectious
o humans S — humans I(X) || failure
o & o ﬂ rate
¥ ﬂ transmission from 4 transmission from o1 (X)
humans to mosquitoes / mosquitoes to humans
O e (8
AR A5 :
I’l . ‘ﬁ ) Susceptible —) Infectious
mosquitoes U — mosquitoes V

Each parasite genotype has

associated a treatment
failure rate ¢7(X) \} death M death
birth 5
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Malaria transmission dynamics model with treatment
and parasite genotype structure (treatment failure)

[ dS 1% recovery due to
- =08+ EX:I(X) + wEXIT(X) treatment ‘ humans T(X)
U _ o5V fe  110X) = X) 4 6rCOTCO) 1L VI Ytreatment T
difi(tX) H recovery
o~ = X)) = T(X) = $r(X)T(X) Susceptible — Infectious
humans '
8 oS I ey au S — humans I(X) || failure
t ~ H rate
dv I(X) transmission from / transmission from ¢ (X)
At BUZX: 7 humans to mosquitoes / mosquitoes to humans
Assumptions: ,8 a
» Constant mosquito population size:
M =U(0) + V(0) — Infectious
« Birth and death rates are equal: 4 mosquitoes V
=20 birth
» Constant human population size \} death #’ death
H = 5(0) + 1(0) birth )

- Genotype frequencies fx are constant in time /1'




Malaria transmission dynamics model with treatment R
and parasite genotype structure (treatment failure) ATDM RMres ste R

H=5000;V0=8; VectorHumanRatio=5; finalT=4*365

X0 <= ¢ (S=H-3,1Ix0=1,Ix1=1,1Ix2=1,Treatx0=0,Treatx1=0,Treatx2=0,
U=H*VectorHumanRatio-V0, V=VU ek ondition
time.points<-seqg(0,finalT, 1) ##time unit in days Initial condition with one infection

per genotype.

parms<-c (
alpha=0.5%0.022,

gammalI=1/285, . .
gammaT=1/30, Failure rates for different

au=0,
beta=0.48, mu=0.13, delta=0.13,

fx0=1/3,fx1=1/3,fx2=1/3 - .
- [ L= S el Same probability to acquire any
genotype during transmission

IxO Ix1 Ix2
£ 1500
8 name
- 1000 1 X0
. — w treatment rate =0
g x  coexistence of 3 genotypes (no fitness

_6 500 1000 15000 500 1000 15000 500 1000 1500 COSt for' reSiStant genotypes X1 f(X2|)

time
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and parasite genotype structure (treatment failure)

Malaria transmission dynamics model with treatment R
AIDM RMresist.R

H=5000;V0=8; VectorHumanRatio=5; finalT=4*365

x0 <= c(S=H-3,1Ix0=1,1Ix1=1,1Ix2=1,Treatx0=0,Treatxl=0,Treatx2=0,
U=H*VectorHumanRatio-V0, V=VU ek ondition
time.points<-seq (0, finalT, 1) ##time unit in days

Initial condition with one infection

parms<-c ( per genotype.
alpha=0.5%0.022,
gammalI=1/285, . .
gammaT=1/30, Failure rates for different
EtJhiT;(O:O,phiTxl:1/15,phiTx2=l/5,##failure rate genotype — phenotype!
au=0,
beta=0.48, mu=0.13, delta=0.13,
fx0=1/3, fx1=1/3, fx2=1/3 - .
* * * Same probability to acquire any

)
genotype during transmission

0 " 2
name
- treatment rate = 0.4
/ 2 coexistence of 3 genotypes, fithess
S e e e e w0 advantage for resistant types x}, X2
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Malaria transmission dynamics model with treatment R
and parasite genotype structure (treatment failure) ATDM RMres: &t R

H=5000;V0=8; VectorHumanRatio=5; finalT=4*365

X0 <= ¢ (S=H-3,1Ix0=1,Ix1=1,1Ix2=1,Treatx0=0,Treatx1=0,Treatx2=0,
U=H*VectorHumanRatio-V0, V=VU ek ondition
time.points<-seqg(0,finalT, 1) ##time unit in days Initial condition with one infection

parms<-c ( per genotype.
alpha=0.5%0.022,
gammalI=1/285, . .
gammaT=1/30, Failure rates for different
EtJhiT;(O:O,phiTxl:1/15,phiTx2=l/5,##failure rate genotype — phenotype!
au=0,
beta=0.48, mu=0.13, delta=0.13,
fx0=1/3, fx1=1/3, fx2=1/3 - .
* * * Same probability to acquire any

)
genotype during transmission

0 treatment rate = 0.8
X all three genotypes are eliminated

¥ X2
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